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1 Introduction 



The Problem and the Main Results 

In this thesis, we build and examine a representation of degree of the 

BMW algebra of type vln-i over the field Q(Z, m) that is equivalent to the 
Lawrence-Krammer representation introduced by Lawrence and Krammer 
in IZl and HI. A result in [4] states that this representation is generically 
irreducible. Here we recover this result by a different method, and show 
further that when I and m are specified in the field of complex numbers, 
the Lawrence-Krammer representation is always irreducible except when 
/ and m are related in a certain way. We let r and he the roots of the 
quadratics + mX — 1 = 0. We define T-Lpr2{n) as the Iwahori-Hecke 
algebra of the symmetric group Sym{n) over the field F = Q(/, r), with 
parameter r^. Its generators 51, ... , Qn-i satisfy the braid relations and the 
relation gf + mgi = \ for all i. This definition is the same as the one given 
in |fTO|. after the generators have been rescaled by a factor j, . We assume 
that Hp^r'^in) is semisimple. It suffices to assume that (r^)'^ / 1 for every 
A; G {1, . . . , n}. We prove the following theorem: 

Main Theorem. 

Let m = ^ — r and I be two complex numbers. Let n be an integer with n > 3. 
Assume that (r^)'^ / 1/or every k G {1, . . . ,n} and so Hpr2{n) is semisimple. 
When n > 4, the Lawrence-Krammer representation of the BMW algebra B{An-i) 
with parameters I and m = ^ — r over the field Q{1, r) is irreducible, except when 
I G {r, -r^, - ^3^} ^vhen it is reducible. 

When n = 3, the Lawrence-krammer representation of the BMW algebra -6(^2) 
with parameters I and m = \ — r over the field Q{1, r) is irreducible except when 
I G {— r^, 1, —1} when it is reducible. 

Moreover, for each of the values of I and r when the representation is 
reducible, we show that there exists a unique nonzero proper invariant sub- 
space of the Lawrence-Krammer space, except when / = — and r^" = — 1 
and we are able to give its dimension. When I = —r^ and r^" = — 1, we 
prove that the Lawrence-Krammer representation contains a direct sum of 
a representation of degree one and an irreducible representation of degree 
(n-iXn-2) ^j^^^ there are no other irreducibles inside the Lawrence- 
Krammer space. Suppose V^"^ is the Lawrence-Krammer vector space over 
Q(l, r) of dimension . We prove the following five theorems and part 

of Conjecture A below. In the Theorems, the integer n is taken to be greater 
than or equal to 3. When the lower bound is not 3 in the theorems below, 
it means these cases for those small integers are special and need to be for- 
mulated apart. In fact, we prove that Conjecture A below, that we believe 
to be true for a general n > 3, holds in these cases. In what follows we still 



3 



assume that Hp^r^in) is semisimple, or which is equivalent (r^)* ^ 1 for 
every positive integer k with 1 < A; < n. 

Theorem A. Let n be an integer with n > 4. There exists a one-dimensional 
invariant subspace o/V^") if and only if I = ^^n-a ■ If so it is unique. 

Theorem B. Let n be an integer with n > 3 and n ^ 4. There exists an 
irreducible (n — l)-dimensional invariant subspace of V^"^ if and only if I e 
-f^}- Ifso, it is unique. 

Theorem C. Let n be an integer with n > 4. There exists an irreducible liil^i^- 
dimensional invariant subspace o/V^") if and only if I = r. If so, it is unique. 

Theorem D. Let n be an integer with n > 5. There exists an irreducible (^~^K"~2) 
dimensional invariant subspace ofV^'^^ if and only if I = —r^. If so, it is unique. 

Theorem E. When the Lawrence-Krammer representation is reducible, V^^^ has 
a unique nontrivial proper invariant subspace except when I = —r^ and r^" = — 1 
when V*^") contains a direct sum of a one-dimensional invariant subspace and an 
irreducible ("~iK"-~2) -dimensional one. 

Moreover, in the case I = ^^n-s > we can give a spanning vector for the 
one-dimensional invariant subspace and in the case I G —-^}, we 

are also able to describe the two respective irreducible (n — 1) -dimensional 
subspaces of V*^"). Also, when / = r we can describe the irreducible MZLi^. 
dimensional invariant subspace of V^"\ 

Furthermore, the cases n = 3 and n = 4 are described in the following 
conjecture. The conjecture holds in these cases, by Theorems 4 and 5 when 
n = 3 and by Theorems 4 and 6 and Corollary 4 when ra = 4. It is proven 
that the Conjecture is also true for n = 5, namely by Theorems 4, 5, 8 and 
Result 1 in the thesis. Part of the arguments lies in the proof of these theo- 
rems when we show that the conjugate Specht modules 5*^^"^ (cases n = 4, 5 
in the proof of Theorem 4), 5*^^'^" (case n G {3, 5} in the proof of Theo- 
rem 5), S^^'^'^" (case n = 5 in the proof of Result 1) carmot occur in the 
L-K space V^'^). The results for these cases are respectively gathered in Ap- 
pendices E, F and G at the end of the thesis. We will sometimes abbreviate 
L-K representation instead of Lawrence-Krammer representation and L-K 
space instead of Lawrence-Krammer space. 

Conjecture A. Let n be an integer with n > 3. Assume HF^r^in) is semisimple 
and r^" 7^—1 when I = —r^. 

When the L-K representation is reducible, its unique nontrivial proper invariant 
subspace is isomorphic to one of the Specht modules 

g{n) g{n-l,l) gin-2,2) ^(n-1,1,1) 
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which respectively arise when and only when 
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When I = —r^ and r^" = —1, there are exactly three proper nontrivial invari- 
ant subspaces 0/ V*^") and they are respectively isomorphic to S^'^\ 5('^-2,i>i) 
5'(n-2,i,i) 

The BMW algebra B{An-i) is generated by invertible elements g/s, that 
are analogue to those from the Braid group and that we will call generators 
of the first type. There is a second set of (n — 1) elements in B{An-i) that 
generate an ideal, namely the e/s (see section 2 entitled "Background and 
Notations" of the thesis). They are called generators of the second type. 
We will see in the thesis that the generators of the second type and some 
of their conjugates by products of generators of the first type play a critical 
role. We think that the following result is true. If so it will yield a different 
approach to solving Lemma 10 of the thesis, which is a key lemma on the 
road to Theorem D (and C as we did in the thesis without the use of the 
Branching Rule). 

Conjecture B. Let T denote the left action on the Lawrence-Krammer space of 
the sum of all the conjugates of the e/s by products of the g/s. Fix r G C. Then, 
detT G Q(Z), the degree of T is the degree of the Lawrence-Krammer 

representation and 

^^^.y. ^ (/ - r)^(/ - r^y-^^{i - ^r-\i + ^r-\i - ^) 

V / n(n— 1) 

\r I 2 

where Xr is a constant that depends on the value of the parameter r. 

The conjecture is shown through Maple for n G {3, 4, 5, 6} in the Ap- 
pendix A where the procedure NOTIRR provides a necessary condition on 
I and r so that the L-K space V*^") is reducible. When the representation 
is reducible, I must be a root of some polynomial of Q(r)[X], with multi- 
plicity given in the output. Visibly, this multiplicity is the dimension of the 
corresponding invariant subspace. 



The Approach 

Our approach is to use knot theory as a tool to build the Lawrence-Krammer 
representation. We use a deformation of the Brauer centralizer algebra, 

namely the Kauffman tangle algebra. This algebra MT„ constructed by 
Morton, Traczyk and Kauffman was shown by Morton and Wassermann 
in 1989 to be generically isomorphic to the BMW algebra of type ^„_i 



5 



(see 113). One difference between the Brauer centralizer algebra and the 
Morton-Traczyk algebra is that the group algebra of the symmetric group 
has been replaced with the Iwahori-Hecke algebra of the symmetric group. 
This introduces a new type of braids where over-crossings have to be dis- 
tinguished from under-crossings. A tangle with an over-crossing is related 
to a tangle with an under-crossing by the Kauffman skein relation that uses 
the parameter of the Iwahori-Hecke algebra of the symmetric group. The 
geometric approach of the Kauffman tangle algebra leads us to visualize 
(and later on prove for the algebraic version of the representation) that if 
W is a proper invariant subspace of the Lawrence-Krammer vector space V, 
then the action on W must be an Iwahori-Hecke action. This was inciden- 
tally shown by Arjeh Cohen, Die Gijsbers and David Wales in a more gen- 
eral setting when they also deal with representations of the BMW algebra 
of types D and E. By using the Lawrence-Krammer representation, we can 
find the two inequivalent irreducible matrix representations of Hp ^2 {n) of 
degree (n — 1). We then use those irreducible representations to show that 
if there exists an irreducible {n — 1) -dimensional invariant subspace of V, it 
forces I G {-^, —-^kr^}- Conversely, if I takes one of these fractional val- 
ues in r, we show that there exists a unique irreducible (n — 1) -dimensional 
invariant subspace of V. For the small values 3, 4, 5 of n we are able to 
find with Maple from the Lawrence-Krammer representation the inequiv- 
alent irreducible matrix representations of 'H^^2(n); we then deduce from 
these matrix representations wether or not the Lawrence-Krammer repre- 
sentation can be reducible and if so for which values of the parameters I 
and r. The table in Appendix E, (resp F, G, H) lists which irreducible 
representations of Hpr^in), n = 3 (resp 4,5,6) can possibly occur in the 
Lawrence-Krammer representation and for which corresponding values of 
I and r. All the cases described in the tables are proven in the thesis. The 
case n = 6 could be completed by using the Branching Rule. In the ta- 
ble for n, each Ferrers diagram associated with a partition of the integer 
n corresponds to a class of irreducible 7ipr^{n)-modu\e. Only the irre- 
ducible representations of T-ipr'^{n) of degree less than the degree "'■"^"'^^ 
of the Lawrence-Krammer representation are represented in the table. Let 
the a/s for i = 1, . . . , n — 1 denote the (n — 1) simple roots of the root sys- 
tem of type An-i and let 0+ denote the set of all the positive roots. There 
are "^"^'^'^ of these. The Lawrence-Krammer vector space V^"^ is the vector 
space over r) with the generating set {xp\l3 e <p'^}, indexed by all the 
positive roots. Thus it has dimension "^"^^^-^ . If /3 = H h aj_i is a pos- 
itive root where i < j, then to simplify the notations, we let Wij denote the 

vector XaiA f-oj-i- Thus, V*^"-* is spanned over Q{1, r) by the "^^"^'^^ vectors 

Wij with I < i < j < n. These are the vectors that appear in the tables of 
the Appendices. 
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Some History and Recent Developments 

The BMW algebras of type A were introduced by J. Murakami in |fT3| and 
separately by J.S. Birman and H. Wenzl in ||2l in order to try to find faith- 
ful representations of the Braid group. Birman and Wenzl wanted to use 
these algebras to construct representations of the Braid group Bn over n—1 
generators in order to investigate wether this group is linear. Linearity of 
a group means that there exists a faithful representation into GL{m, M) for 
some positive integer m. Burau discovered an n-dimensional representa- 
tion of Bn that was faithful for n = 3, but shown not to be faithful for 
n > 9 (Moody, tUJ). For a long time, if it was known that i?„ was linear 
for n G {2, 3}, for n > 4, the problem remained open. Krammer later in- 
troduced a representation of Bn and showed it to be faithful for n = 4 (cf 
IZl). Since the same representation occurs in an earlier work of Lawrence, 
it is called the Lawrence-Krammer representation. In [1], using topology, 
Bigelow proved the Lawrence-Krammer representation to be faithful for 
all n, thus stating that all the Artin groups of type A are linear. Shortly af- 
ter, Krammer also showed with specific real values of the parameters that 
his representation is a faithful representation of the Braid group, using al- 
gebraic methods this time (see [8J). In 2002, A.M. Cohen and D.B. Wales 
generalized the Lawrence-Krammer representation to Artin groups of fi- 
nite types, as well as their proof of linearity, thus showing in fS^ that ev- 
ery Artin group of finite type is linear. Following the observation that the 
Lawrence-Krammer representation of the Artin group of type An-i factors 
through the BMW algebra of the same type, they then generalized the def- 
inition of BMW algebras to other types D and E and built representations 
of these algebras that they showed to be generically irreducible. 

As part of this work, we show that if the Lawrence-Krammer space has 
a proper invariant subspace W, the gi conjugates of the e/s all annihilate 
W. That is how the Main theorem implies that for these specific values of 
the parameters / and r, the BMW algebra B of type with parameters I 
and m = i — r is not semisimple. Hans Wenzl showed a similar result when 
he states in ||T5| that these algebras are semisimple except possibly if r is a 
root of unity or / = r'^ for some /c G Z, where he also considers complex 
parameters. However, he does not prove or mention for which integers k or 
which roots of unity the algebras fail to be semisimple. Hebing Rui and Mei 
Si recently obtained the same result as ours in showing that for the values 
of I and r that we found, B is not semisimple. They use the representation 
theory of cellular algebras (see [T4|). 
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2 Background and Notations 



We consider the BMW algebra i?(A„_i), with nonzero complex parameters 
m and I, as defined in [4J. In this thesis we build a representation of the 
algebra B{An-i) and we find necessary and sufficient conditions on / and 
m so that it is irreducible. Throughout the thesis we will use the change of 
parameter m = 1/r — r, so that the two relevant parameters will be / and r . 
We recall below the relations defining B{An-i), where we assumed 7^ 1 
and so m / 0: 

9i9j = ajdi VI < z, j < n - 1, \i- j\ > 2 (1) 

9i9i+i9i = 9i+i9i9i+i VI < i < n - 2 (2) 

Si = —*{gf + mgi-l) VI < i < n - 1 (3) 
m 

QiCi = l~^ei VI < i < n — 1 (4) 

CiQi+iei = lei VI < i < n - 2 (5) 

eiQi-iCi = lei V2 < i < n — 1 (6) 

as well as some important and direct consequences of these defining rela- 
tions: 

ei9i = l~^ei VI < i < n — 1 (7) 

gf = 1 — mgi + ml~^ei VI < i < n — 1 (8) 

= gi + m — m ei VI < i < n — 1 (9) 

We will also use the "mixed Braid relations": 

gigi+iei = ej+iej VI < i < n - 2 (10) 

gigi-iei = ei-iei V2 < i < n - 1 (11) 

giei+iei = gi+iei + m{ei - ej+iej) VI < -i < n - 2 (12) 

giei-iei = gi-iCi + m{ei - ei-iei) V2 < i < n - 1 (13) 



Finally, for any node i = 1, . . .n — 1, we will make use of the idempotent 

i-i/i 

l/r—r 



relation ef = xei where the parameter x is defined by x = 1 — LJdL 



We will work over the field F = Q(r, Let Ii and I2 be the two-sided ide- 
als of B{An-i) respectively generated by the e/s and the Cjc/s with i ^ j 
as in m. The representation will be built inside Ii/ It is shown in |fT2| 
that the BMW algebra B{An-i) is isomorphic to the Kauffman algebra TM„ 
and from now on we will think of BMW elements in terms of tangles. The 
algebra B{An-i) acts by the left on the subspace of /1//2 spanned by the 
elements with a fixed bottom horizontal line joining any two nodes, giving 
to this subspace a structure of B{An-i)-v[\od\x\e. We fix such a bottom hor- 
izontal line and we denote by V the corresponding subspace. Without loss 
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of generality we take this horizontal line to be the one joining nodes 1 and 
2 on the bottom line. From now on, all the elements that we consider are 
in V and so they are linear combinations over F of tangles all having their 
nodes 1 and 2 joined on the bottom line. When two tangles have the same 
top horizontal line, we will say that they are "similar" as in the definition 
below: 

Definition 1. 

Two tangles in V are "similar" if their respective top horizontal line are the same, 
with this top horizontal line overcrossing the eventual vertical strings. 

We now recall some basic facts about the Artin group of type An-i and its 
associated root system and we introduce a set of tangles in V that contains 
as many elements as there are positive roots and which is in correspon- 
dence with the set of positive roots. These tangles are obtained by picking 
any random top horizontal edge. Moreover, we agree that this top horizon- 
tal edge always overcrosses any of the vertical strings that it intersects. 
Let M = {rriij) be the Coxeter matrix of the Artin group A of type An-i 
with generators si, Sn-i- Let (ej)j=i.,,„_i be the canonical basis of M"^^ 
and let Bm be the canonical symmetric bilinear form over M"^^ associated 
to M. 



BMi^ii^j) = —cos{-K /ruij) where mi 



2 if > 1, 

3 if|i-j| = l 
1 if i = i 



For z = 1, n — 1, let s//. denote the reflection with respect to the hyper- 
plane Hi := KerBMi-i £«)■ ^7 the theory in [3J, we know that the Coxeter 
group W of the Artin group of type is isomorphic to the reflection 

group spanned by the s^.'s. We have a root system and W is finite as it 
permutes the roots. Hence Bm is an inner product and throughout the 
paper we will denote it by ( , ). Finally, instead of ei, £2, e„_i, we de- 
note the simple roots by ai, ...,a„_i and the associated simple reflections 
Shi, SHn-i by ri, r„_i. We associate to each positive root (3 a tangle 
in V in the following way: ai is ei. Each positive root is then built from 
ai. For (3 e where 0+ is the set of positive roots, let Wjsi be the unique 
element in the Weyl group of minimal length mapping ai to d, as in (H . 
For instance, we have i^aji = rir2 and Wa2+a3+ai,i = r4r^rir2. Taking the 
same notations as in |j4J, there is a map: 

I W ^ A \ 



where ri^...r^ is a reduced decomposition. To have this map well defined. 
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we need to show that if rij^...ri^ and rjj^...rj^ are two reduced decomposi- 
tion in W such that ri^...r^ = rj^...rj^ then Si^...Si, can be transformed into 
Sj^...Sjj by using the braid relations 



This is Matsumoto's theorem and it is stated (and proved) in ||T0| . 
And there is a morphism of groups: 



where B{An-i)^ is the group of units of B{An-i). 

We denote by (/? the composition of these two maps and we now associate 
to P the BMW element Lp{wf3i)ei. Thus 02 is associated with 515261 and 
using the relations defining B{An-i), this element is in fact 6261. Similarly, 
a2+«3+a4 is associated with gAgzgig2^i, which can be rewritten to 54936261 
thanks to relation (10). We note that more generally, the a/s are associated 
with the eiej_i...ei's and are obtained from ai by shifting the top horizontal 
line to the right. Then from ai, get a positive root Oj + ... + Oj+fc by acting 
by the left on ej...ei with gi^k...gi^i, the top horizontal line crossing now 
k vertical lines. More generally the top horizontal line of the tangle repre- 
senting a root of height h always crosses h — 1 vertical lines. We denote 
by W the subspace of V spanned by these tangles and by B the basis of W 
composed of these tangles. By construction, the cardinality of B equals the 
number of positive roots. 

We also introduce elements Xij in TM„ which will be useful throughout 
the paper. By definition, Xij is the element with two horizontal lines, one 
at the top and the other one at the bottom, both joining nodes i and j, all 
the other nodes being joined by straight vertical lines. Moreover, in this 
definition we will take the horizontal lines overcrossing the vertical lines. 
We note that there are as many elements Xij's as there are positive roots 
since for each positive root we built a unique tangle in V by taking ai to be 
ei and by letting the horizontal edge on the top line vary for the other ones, 
allowing all the possible combinations. And in fact. 



The following lemma relies on the fact that the Xij's are conjugate to the 



SiSj = SjSi VI < i, j < n — 1, |z — j\ > 2 

SiSi+iSi = Si+iSiSi+i VI < i < n - 2 



(14) 
(15) 
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Proof of the lemma: let x be in the intersection of the kernels of the 
Xij's. By definition, we have e^x = 0. Then, by (7), it comes CkgkX = 0. So 
we get: gkx G Ker e^. Next, from Xkk+2X = 0, we derive gk+iek9kliX = 0, 
which implies ekg'^^-^x = 0, by multiplying by the left the last equality with 
g'^^Y Hence, g^^iX G Ker e^. By using (9), it follows that gk+ix G Ker e^. 
Also, from Xk-ik+ix = 0, we derive g^\ekgk-ix = which implies that 
gk-ix e Ker Cfe. At this point we have for any two nodes k and I: 

if k = I oiifk ^ I then gix G Ker 

Further, ifk'y^l, by using the braid relation (1) and the pol5momiaI expres- 
sion (3), ek and gi commute and it immediately follows that gix G Ker e^. 
Thus we have proved the lemma. 

Corollary 1. G n Ker X^, VI < / < n - 1, gr^x G n Ker ek 

^ l<i<j<n ^ - - l<fc<n-l 

Proof: direct by using the lemma and relation (9). 
We now prove the stronger lemma: 

Lemma 2. Vx, f x G fl KerX^ =^^1, gix e f] KerXiA 

^ l<i<j<n i<i<j<n 

Proof: Given an x in the intersection of the kernels of the X^j's and given 
j > i + 2, we want to show that gix e Ker Xij for any node I. The case 
j = i + 1 has already been seen in lemma 1. The idea is to consider different 
conjugation formulas for Xij. And indeed, let's first write: 

^ij = 9j-i ■ ■ ■ 9i+i e-i g^^i . . . gj\ 
From there we deduce two things: 

- If A; 06 {i, . . . , j — 1}, then gkX e Ker X^j as gk commutes with all the 
elements composing the word above. 

- gj-ix e Ker X^j. Indeed, we have in the case j > i + 2: 

Xijgj-ix = {gj-i . . . gi+i g~^-^ . . . gj\)gj-.ix 

= 9j-i {gj-2 ■ ■ ■ gi+i ei g~^i . . . gjl2)x 
= since X G Ker 

If j = i + 2, we have j+2 = gi+i Cj g~^i and it follows that 

Xii+2 gi+ix = gi+i ej X = since x G Ker e^. 

We now deal with the nodes i, i + 1, . . . j — 2. Instead of starting from the 
left with Cj like in the previous decomposition for X^j, we start from the 
right with ej-i and get the following expression: 

^ij = ■ ■ ■ 9j^2 ^i-i 9j-2 ■■■gi (16) 
Again we deduce two things from this writing: 
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- Let k be any value in {2, . . . , j — ? — 1}. We look at the action of Xij 
on X. We get successively: 

Xij gj_k X = g^^ ... gjl2 ^i-i 9j-2 ■■■9i Qj-k x 

= QT^ ■ ■ ■ 9j~2 ^i-i 9j-2 ■ ■ ■ 9j-k9j-k-igi-k9j-k-2 ■ ■ .91^ 
= 9i^ ■ ■ ■ 9j-2 "^i-l 9j-2 ■ ■ ■ 9j-k+l9j-k-igj-kgj-k-l ■ ■ - giX 

= 9l^ ■ ■ ■ gj-2gj-k-i ej-i gj-2 ...gix 

= 9i^ ■ ■ ■ gjl29j-k-i ej-i gj-2 ...9iX-mXijX 

= 9i^ ■ ■ ■ 9~lk-i9jlk9j\^i • • • 9~l2^j-i9j-2 ...gix 

= 9i^ ■ ■ ■ 9~-k-29j-k9j-k^i9~\ ■ ■ ■ 9j-2ej-i9j-2 ...giX 

= 9j-k 9i^ ■ ■ ■ gJ-2(^j-i93-2 ...QiX 

= gjlk^ij^ 

= 

To quickly manipulate the equalities above, it will be useful to notice 
that moving from the right to the left, the indices increase on the right 
of Cj-i and they decrease on the left of ej-i. We have the first equality 
by definition of X^j. The second equality is obtained by using the 
braid relation (1), commuting gj^k till we reach gj-k-i and the third 
one is obtained by using the braid relation (2) on the nodes j — k and 
j - k - 1: gj_kgj-k-igj-k = gj-k-igj-kgj-k-i- One of the factors 
gj-k-i lies now next to gj-k+i and we may again apply the braid 
relation (1) repeatedly to move it to the left of e^-i. This is the object 
of the equality number four. Next since all the terms on the left of 
Cj-i are inverses, it is natural to express gj-iin term of its inverse by 
using (9). The fifth equality is obtained by using (9) and the fact that 
Cj-k-iej-i = (since j — k — 1 G {i,. . . ,j — 3}). When the factor 
gj-k-i "disappears" in (9), it yields Xij x, which is zero by choice of 
X in the intersection of all the kernels. Thus, in the product, gj-k-i 
may in fact be replaced by gjlk-i without modifying the word. Next, 
in the equality number 6, we commute gjlk-i ^ S^* 

stuck. Then we apply again the braid relation (2) on the inverses to 
get the equality number 7. We may now move g~lk the extreme left 
by using again the commuting relation (1) on the inverses. It finally 
allows us to isolate X^j which acting by the left on x yields 0. Thus, 
we have proved the following: 

yke{i + l,...j-2},gkxe Ker Xij 

- The second thing that we derive from the expression (16) is direct: 
g~^ . . . gj\ Cj-i gj-2 • • • gi-m giX = by expanding the square gf 
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with (8) and using the fact that Xi^ijx = Xijx = e^x = 0. Thus, 
we have giX e Ker Xij. 

It remains to show that gi-i x G Ker Xij and gj x G Ker X^j Let's write: 

The trick here is to go "one node too far" to make a gj appear on the right 
extremity of the word. Then, using the formula gj = 1 — m gj + ml^^ ej 
and the fact that Xij^i x = X^j x = ej x = hy our hypothesis on x, it 
immediately follows that Xij gj x = 0. Hence we have gj x G Ker X^j. 
Finally we write: 

= gi~i^i-ijgi-i 

Here, the trick is to go one node backwards to make a "gi-i" appear. It 
follows that a; = gi-iXi^ijX = since a; G KerXi^ij. Hence 

gi-i X G Ker X^ and we have now proved that 

Ml, gix e Ker Xij 

We have the immediate corollary: 

Corollary 2. Vn, f] KerXij is a B{An-i)-module 

l<i<j<n 

3 The case n=3 

In this section we explicitly build a representation of B{A2) in V. 
There are three positive roots in A2: ai, 02, ai + a2 and V is spanned by 
ei, 6261 and 5261. Acting by gi on these elements yields: 
giei = l~^ei, 316261 = 5261 + m6i - 7716261 and 319261 = 6261. 
Thus, the matrix of the action of gi is given by: 

61 6261 3261 

61 / l-^ m 

6261 —777 1 

9261 V 1 

Similarly, we have 926261 = Z'"^e26i and 929261 = 61 + 777/^^6261 — 7779261. 
Thus, the matrix of the action of 92 is: 

61 6261 
61 / 

6261 
9261 \ 1 




9261 




=: G2(3) 



13 



We verify that the braid relation G1G2G1 = G2G1G2 is satisfied. Next, for 
i e {1,2}, we define Ei by the matrix relation: 

Ei ■= l/m * {Gj + mGi - Id) (17) 

and we check that for i G {1,2} and j G {1,2} the matrix relations 

GiEi = r^Ei (18) 
EiGjEi = lEi (19) 

are satisfied. Hence we have a left representation: B{A2) EndpiV). 
Suppose now that V is not irreducible. Then it has a proper nonzero in- 
variant subspace U. Let ii be a nonzero element of U. Let's decompose u 
over the basis B = (ei, 6261, 5261), say it = Ai ei + A2 6261 + A3 5261 with 
(Ai, A2, A3) ^ (0, 0, 0). We look at the action of X12 = ei. We have: 

eici = e\ = xei 
< ei(e2ei) = ei 
, 61(5261) = lei 

Thus, we get X12U = (Aix + A2 + A3Z) ei. Assume that ^12^ 7^ i.e. 
Xix + A2 + X3I / 0. It follows that ei is in U. Then 6261 and 5261 are also 
in [/ as [/ is a i?(A2)-submodule of V. Then U would not be proper which 
is a contradiction. Hence we have X^u = 0. This last equality being true 
for any nonzero element of U, it comes X12U = 0. Similarly, acting by 
X23 = 62 on an element u oiU gives a multiple of 6261 and acting by X13 
gives a multiple of 5261. Since 

r gT^ {e2ei) = 5261 f 52"^ (5261) = 61 

\ 61(6261) = 61 \ (/62)(526l) = 6261 ' 

the first set of equalities implies that X23U = and the second set of equal- 
ities implies that Xi^U = (otherwise U would be the whole space V, 
which contradicts U proper). Let S := X12 + X23 + X13. Thus, we have 
shown that if V is not irreducible and if C/ is a nontrivial proper invariant 
subspace of V then SU = 0. This equality implies in turn that det{S) = 
as U is nonzero. Let's compute the matrix of S in the basis B. The action 
of X12 gives the first row of the matrix, the action of X22, the second row of 
the matrix and the action of X13 the third row of the matrix as we make it 
appear on the matrix below: 



MateS 
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Using the defining relation x = 1 — and solving the equation det{S) = 

in Maple, we get: det{S) = ^ I e {-r^, -1, 1, 1/r^}. Thus if 1 does 
not belong to any of these values, then V is irreducible. Conversely, we 
show that if V is irreducible then / {— r"^,— 1,1,1/r^}. Indeed, for each 
of these values of I we claim that ni<i<^j<s{Ker Xij n is a nontrivial 
proper invariant subspace of V. It suffices to show that r\i<i<j<3Ker Xij 
is a B{A2)-modu\e and that for each of the values of I above, there exists a 
non-zero element in V which is annihilated by all the Xij's. The first point 
comes from corollary 2 applied with n = 3. To see the second point, we 
prove the following lemma: 

Lemma 3. 

Ifl = -r^ y(3) := -rei - ^6261 +5261 G f] KerXij (20) 

l<i<j<3 

Ifle {1,-1}, z(3) := ei - 6261 G f] KerXij (21) 

l<i<j<3 

Ifl = \, t{3) := -61 + reaei + 5261 € f] KerXij (22) 

^ ^ l<j<j<3 

Proof: for Z = l or i = — l, it is easy to see that 61 — 6261 G Ker e\ by using 
X = 1 and the relations e\ = xei and 616261 = 61. Also, it is immediate that 
61 — 6261 G Ker 62- It remains to show that ^13(61 — 6261) = 0. On one hand 
we have X1362 = gi^e2gie2 = gi^le2 by (6) and so Xi3e2ei = g'^^le2ei. On 
the other hand we have X1361 = gi^e2giei = gi^e2l~^ei. Replacing / by 
its value yields the desired result. If / = — r^, we compute x = — — 1/r^. 
The left action by ei on y{3) gives after the use of the classical relations 
(— rx — 1/r + Z)6i, which after simplification is zero. Similarly, we ob- 
tain 62.?/(3) = (— r — x/r + l//)626i and the coefficient in the parenthesis 
is zero after replacing x and / by their respective values. Let's now com- 
pute Xi3.y(3). We have: Xi352ei = (52eifl'2"^)5'2ei = 52ef = xg2ei. Next, 
from 6261 = gig2ei, we derive 5^^6261 = 5261. Using the formulas above 
that give the actions of X13 on 6261 and 61 respectively and replacing now 
^^^^6261 with 5(261, we get: Xi3.y{3) = {—r /l — l/r + x)g2ei = 0. This finishes 
the proof in the case I = —r^. Finally, (22) is obtained the same way as (20) 
and is left to the reader. We may now state the following theorem: 

Theorem 1. 

Spanpiei, 6261, 5261) is an irreducible B{A2)-module ijfl {— r^, —1, 1, 

4 The case n=4 

Here W is spanned over F by 

61,6261,5261,636261,536261,535261 
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and the six positive roots are (in the same order): 

0(1,0.2, Oil + OL2, OLZ, OL2 + OLz,OL\ + 02 + ttS 

Generally speaking, in B{An-\) we will always order the roots in the fol- 
lowing way: 

ai, 02, 02+01, as, O3+O2, O3+O2+O1, 0„_i, On_i+On_2, On_i + ...+Oi 

Recall that one top horizontal line is enough to determine a positive root. 
Geometrically, moving from the left to the right on the top line, start with a 
node > 2 and join it to its left neighbors, the closest nodes being considered 
first. We note and we recall that the height of a root increases with the num- 
ber of crossings. The main interest of ordering the roots this way is that the 
action of 51 , 52 , • ■ • , 5n-2 on a positive root /3 whose support does not contain 
the node n — 1 has already been computed in the case of B^An^^), as the 
tangle representing /? in is obtained from the tangle representing 

/3 in B{^An-2) by adding a vertical line on the right side, which is left invari- 
ant with the action of the elements 51 , 32 , • ■ • , 9n-i (such actions don't impact 
the last node). As we will see later on, this ordering of the basis will allow 
us to define the matrices of g'l, 5„_2 by blocks, inductively on n. 
We try the same method as in the case n = 3. The difference is now that 
there are two vertical braids instead of one and they can either cross or not. 
Only in this part, we will denote by the subspace of V spanned by the 
tangles representing the positive roots as in W with the difference that their 
two vertical strings are overcrossing. B'^ denotes the basis in formed by 
these elements. We look at the action of 51, 52, 53 on B and B'^ respectively. 
We first deal with the non crossed tangles. When acting by the g/s, cross- 
ings appear. However, we still use matrices as a way of representing the 
actions. We will indicate that there is a crossing by adding a c when the 
crossing is over and a c' when the crossing is under, as an exponent on the 
right hand side of the coefficient (those special coefficients are indicated by 
boxes in the matrices below). For instance, with our conventions, 

51(536261) = m'^ei -1-535261 - mg-ie-i^x 

means 

51(536261) = meigs 535261 - rng^e-i^x 

and 

53(535261) = 5261 - m53C/26i -I- (mP^)'^ 638261 

means 

53(535261) = 5261 - m53526l -I- 63626ig3 ^ 



16 



We gather the results of the action of gi in the following matrix: 



ei 6261 ^'261 636261 5-36261 535261 



61 




m, 








1 rn'' 1 





\ 


6261 





—m 


1 













5261 





1 
















636261 





















536261 














—ra 


1 




535261 













1 





/ 



And similarly, we get the matrix corresponding to the action of 52- For 
instance, we have: 

92 (5352 61 ) = 53525361 by the braid relation (1) 

= (535261 )53 by commutativity of 61 and 53 , 

which yields the coefficient of the bottom right hand side. 

61 6261 5261 636261 536261 535261 



61 


1 ° 





1 










6261 









m 








5261 


1 





—m 











636261 











—m 


1 





53^261 











1 








535261 


V 














m 1 



Finally the matrix corresponding to the action of 53 is: 







61 


6261 


5261 


636261 


536261 


535261 


61 




1^ 

















6261 
















1 





5261 



















1 


636261 













Z-1 






536261 







1 








—m 





535261 










1 








— m 



Note that these matrices can be obtained by using the classical relations of 

the -6(^3) algebra looking at the action of the 5/5 on the elements of the 
basis of W, or can be obtained by manipulating the tangles in rM4. Both 
ways lead of course to the same result and it is to the reader to determine 
which way (or which combination of ways) he or she decides to use. While 
it is easy to see the action of 51 on 61, 6261, 5261, 536261, 535261 by using the 
rules of the first page, it is direct to see the overcrossing for the tangle 636261 
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after the left action by gi. Because of the terms in the boxes, we see that W 
is not a B{A3)-mod\ile. An idea is to look at the action of the gi's on the 
crossed roots 615^3, 626153, (726153, 63626153, 53626153, 53526153 which span 
to see in turn what we get and exhibit from there an invariant subspace. 
Obviously, the coefficients which are not in the boxes are unchanged since 
all we do is make the words bigger by adding to them a factor 53 on the 
right (which makes the crossing appear) and the action by the 5/s on these 
words takes place on the left. Next, we have: 

51(63626153) = 63(516261)53 by commutativity of 61 and 53 

= 63(5261 + m(6i - 626i))53 by (12) 

= 63526153 - m 63626153 since 6361 = in /1/I2 

= 63525361 — m 63626153 by commutativity of 61 and 53 

= 636261 - me3e2eig3 (23) 

The last equality is obtained by using (11) and the anti-involution on prod- 
ucts of generators of B{A4): 



9h---9iq ' ^ 9iq---9iq 



We also have: 



51(53626153) = m(6i - m6ig3) - 77153626153 + 53526153 (24) 

52(53526153) = g3g2ei - mg3g26ig3 (25) 

53(6153) = ei - meig3 (26) 
We notice that: 

1'^ is replaced by " noncrossed — m crossed" as in (23), (25) and (26) 
m*^ is replaced by '''' m{noncrossed — m crossed)" as in (24) 

And indeed, we look at the left action of the 5i's on words of the form ■u;53. 
For such prefix w we have established that: 



giw = Xw gs + s 



(27) 



where i is adequately picked, with A the appropriate coefficient and with s 
a sum of noncrossed terms (eventually zero). Now we have: 

9i{w93) = {9iw)g3 by associativity 

= X w gl + s gs by replacing with (27) 

= X{w' — mw' g3 + ml~^w' e^) + s 53 by application of (8) 

But w belongs to W and has its nodes 1 and 2 joined on the bottom line. 
Then, the tangle obtained by multiplying w with 63 has nodes 1 and 2, 3 
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and 4 respectively joined on the bottom line, hence is zero in /i//2- So we 
finally get: 



giiwgs) = -mw gz)+ sg3 (28) 



Thus, 

A'^ is replaced by A {noncrossed — m crossed) 
It remains to compute 

93{93g2eig3) = 526153 - "153526153 + "^^"^63526153 by the rule (8) 
= 526153 - rngsgiSigs + mr^ 636261 

to see how the last box is being modified. Here the last last term of the 
last equation is obtained from 63526153 by commuting 61 and 53, then ap- 
plying the rule (11) with the anti-involution described above. Note that 
another way to see it is to notice that the term in the box is nothing else but 
m/~^63626i5^^, where 53^^ makes the undercrossing appear. Then acting by 
53 on the left yields the non crossed term mZ~^ 636261. 
We summarize our results in the matrices below. Like in the non crossed 
case, these matrices are not mathematical objects, but are used as a conve- 
nient way of representing the actions of the 5/s. 

For the action of 51 on the elements of B'^, we get: 



6153 626153 526153 63626153 53626153 53526153 



6153 




z-1 


m 








7^(1"^= - m) 





\ 


626153 







—m 


1 













526153 







1 
















63626153 













l""-m 










53626153 
















— m 


1 




53526153 
















1 





/ 



And similarly we represent the action of 52 on B'^ by the matrix 



6153 626153 526153 63626153 53626153 53526153 



6153 







1 










626153 









m 








526153 


1 





—m 











63626153 











—m 


1 





53626153 











1 








53526153 


\o 
















/ 
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and we represent the action of 53 on B"^ by the matrix 



6193 626193 926193 63626193 93626193 93926193 



6193 
626193 
926193 
63626193 
93626193 
93926193 



m 



\ 









1 












1 







ri 








1 


—m 




(ml 



-l\nc 





-m 



I 



Let's now consider the subspace Wr of W defined as follows: 

Wr :=Spanp,(ei +r6i93, 6261 +r62ei93, 9261 +r 526193, 

636261 +r 63626193, 936261 +r 33626193, 939261 +rg3g2eig3) 

Wr is spanned over F by linear combinations of non crossed tangles span- 
ning W and their corresponding crossed tangles spanning W^. The span- 
ning elements above form a basis of Wr that we denote by Br- We will show 
that Wr is an invariant subspace. To that aim, let's consider the linear com- 
bination of non crossed tangle and crossed tangle w + rwgs. Using (27) and 
(28) above, we compute: 



A(r w + {1 — mr)w 93) + (s + r 593) 
Xr{w + rw 93) + (s + r 593) 



gi{w + rwg3) 

Further, we have: 

93(939261 +7-535-26193) = (9261 + r 526193) - "i(9392ei + r 53526153) 

+ m/~^(63626i5^^ + r63626i) 

But using the tangle formula: 

T- =T+ + m{T° - r°°) 



(29) 



(30) 



(31) 



which is one of the defining relations of the Kauffman's tangle algebra (see 
p2 | ), we can express 63626153"^ as a sum of two similar tangles as follows: 



63626153 



63626153 + m 636261 



T°° being zero for this tangle as we work in /1//2. It follows that (30) can 
be rewritten in the following way: 

93(939261 + r53526i53) = (5261 + r52ei53) - ^(535261 + r53526i53) 

+ m/"^((m + r)63626i + 63626153) 



20 



Recall that by definition, m 
finally get: 



r, so that m + r 



Hence, we 



93(939261 + r 53526153) = (5261 + r 526153) - rn{g3g2ei + r 53526153) 

ml-' (32) 



+ 



-(636261 + r 63626153) 



Since the colunms that don't contain any box in the matrices are the same 
in both cases crossed and non crossed, we conclude that Wr is an invariant 
subspace of V as announced. Let's give the matrices of the left actions 

by 51,52 and 53 in the basis S,.. We denote them by Gi{4), ^2(4) and ^3(4) 
respectively. We need to replace the coefficients in the boxes by appropriate 
new ones. And in fact, we see that 



by (29), A'^ must be replaced by Ar 



and 



by (32), 



{ml 'y must be replaced by 



ml 



We obtain the following matrices: 



Gi(4) := 



G2(4) 



G3(4) := 







m 








mr 








- 


m 


1 


















1 



























r 
























—m 


1 






\o 











1 


0) 











1 










o\ 





ri 




ml' 


1 


m 








1 







—m 


























—m 


1 


















1 








Vo 


















r ) 


/r 


















\ 















1 





















1 












/-I 




ml~' 


ml 

r 


-1 





1 









-m 





VO 


1 












—m ) 



(33) 



(34) 
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We verify that the braid relations (1) and (2) of the front page are satisfied 
on these matrices and using these matrices, we define new matrices -E'j(4) 
for z G {1, 2, 3}. They are given by the formula: 

Eii4) = -(Gf (4) + mQ(4) - h) (35) 
m 

where Iq is the identity matrix of size 6. We check in turn that the relations 
(4), (5) and (6) are satisfied on the Gi(4)'s and i?i(4)'s. Hence we get a 
representation of ^(^3) in Wr which is defined on the generators ei, ei, 63, 
9\, 91, 93 of the BMW algebra ^(^3) by the map: 

BiAs) M{6,F) 
91,92 , 93 ^ Gi(4), G2(4), G3(4) 
ei, 62,63 ^ £;i(4), £;2(4), £;3(4) 

Suppose that Wr is not irreducible. Let ?7 be a non trivial proper invariant 
subspace of W,.. We claim that the Xij's, 1 < i < j < 4 act trivially on 
U. Indeed, suppose that there exists a non zero element uin U such that 
XijU ^ 0. Since the tangle resulting from the product XijU is in Wr and is a 
linear combination of tangles having their nodes i and j joined at the top, 
with the edge (ij) overcrossing the eventual vertical lines that it intersects 
as in Xij, and their nodes 1 and 2 joined at the bottom, it must be propor- 
tional to the element of Br having the same horizontal lines. Let's rename 
the six elements of the basis Br- 

So XijU is proportional to an xp where /3 is one of the six positive roots. 
Recall that by part 2, an expression for is: 

Xi3 = Lp{wf3i)ei + rip(wi3i)eig3 
= ^{w(si){ei +reig3) 

= ^{W(il)Xai (36) 

We see with (36) that any Xfj can be obtained from Xai by multiplying Xai 
by the left with an element in ^(^3). Moreover, ip(wf3i) is invertible as it 
is a word containing only g/s by construction. We conclude that if x/3 is 
in U, then x^-^ is in U as C/ is a _B(743)-module and then all the other Xj 
with 7 G (Z)"*" \ {cti, P} are also in J7 by above. Now if XijU is non zero and 
proportional to x^, then is in ?7 and by what preceeds all the elements 
of the basis Br are also in U. It implies that U = Wr, which contradicts the 
fact that U is proper. Thus, XijU = for all u G C/ and since the argument 
can be applied to any of the Xij's, we have actually proved that all the Xij's 
annihilate U. Their sum also annihilates U . Let's consider their sum: 

S := X12 + -'^is + Xii + X23 + X24 + X34 
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It comes: 



su = o 



Since U is non zero, we must have det{S) = 0. We will compute the ma- 
trix of the left action of S" in the basis Br and then compute its determinant. 
Note that each row in this matrix corresponds to the action of one of the 
Xij's. The matrix can be obtained by calculating the actions of the Xij's 
directly on the tangles Xa^, Xa^, Xa^+ai, Xa^, 3:^03+02 > a^ag+aj+ai or by us- 
ing Maple, the expressions of Gi(4), ^2(4), 6*3(4), the formula (35), the 
formula (9) and the conjugation formulas for j > i + 

Xij = gj-i ■ ■ ■ gi+i e-i g~^^ . . . g~\ 

We get the matrix: 



MatB^{S) 







Xai 


Xq^2 








-oil 


X12 


( 


X 


1 


I 





r Ir 


\ 


X23 




1 


X 


1 
I 


1 


I 




-^13 




1 
I 


I 


X 


r 


{l-r){r-l) I 




X34 







1 


1 


X 


1 1 

/ Ir 
^ T 




X24 




1 

r 


T {r- 


1^1 1 

f Kf ~ i) 


I 








1 
Ir 





T 


Ir 


I X 


J 



Using Maple to compute the determinant of this 6x6 matrix, we get that 
det{S) is zero if and only if I G {r, — r^, i, ^} and we conclude that 
if Wr is not irreducible then I must be one of these values. Conversely, we 
show that if I takes one of these values, then Wr is not irreducible. It suffices 
to exhibit a nontrivial proper invariant subspace of Wr for each of these 
valuesofZ. In what follows, we will denote by r4 the set {r, -r^, i, — i, ^} 

Proposition 1. If I belongs to the set T4 then f] {Ker Xij n Wr) is a non 

l<i<j<4 

trivial proper invariant subspace ofWr- 

Proof: by corollary (2) applied with n = 4, we know that P| Ker X^ 

l<i<j<4 

is a S(^3)-module. Hence Pj {KerXij n Wr) is an invariant subspace 

i<j<i<4 

of Wr- It is obviously not Wr itself since for instance ei + r ei^a G Wr, but 
e2{ei+r eigs) =7^ 0, sothatei-l-rei^a Ker 62, which implies ei -I- rei^a 
n (Ker n Wr). It remains to show that fl (Ker Xij nWr) is 

l<i<j<4 l<i<j<4 

non trivial. To this aim, we show the following lemma that exhibits for 
each value of Z in r4 an element in Wr that is annihilated by all the Xi/s: 

Lemma 4. 

Let x(^4:) '.= r Xci^j^(X2 + ^^aj+ag ra^a^-i-Qj+as fXa2 
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Und ^(4) := X^^ + Xa^ + Xa-^-\-(X2+ocz 
und Z (4) := Xoi^-^a^+as 

und i(4) := ^X^j + r Xct^ + -Xcti-{-a2 ~^ ^^02+013 ~^ ^ai+a2+a3 ~l~ ^q;2 

We have for the distinct vulues of I: 



Ifl = 


r 


then a; (4) G 


n KerXij 

l<i<j<4 


(37) 


Ifl = 


-r' 


then y{4) e 


fl KerXij 

l<i<j<4 


(38) 


Ifl = 


1 

r 


then z{A) e 


l<i<j<4 


(39) 


Ifl = 


1 

r 


then z'{4)e 


n KerXij 
l<i<j<4 


(40) 


Ifl = 


1 


then t(4) G 


fl KerXy 


(41) 



l<i<j<4 

Proof of the lemma: Since each row of the matrix, say M{1), of the left 
action of S on the basis Br corresponds to the action of exactly one of the 
Xij's, it suffices to verify that M{r)X = 0, M{-r^)Y = 0, M(-l/r)Z = 0, 
M{l/r)Z' = and M{l/r^)T = where X, Y, Z, Z', T are the column 
vectors respectively corresponding to x(A), y(4), z{A), 2;' (4), t(A) in the basis 

Br. 



/2 


1 


r 





r 


r2\ 






1 


2 


1 

r 


1 


r 







— r 


1 

r 


r 


2 


r 





r 









1 


1 

r 


2 


1 
r 


1 







1 

i I 


1 

r 





r 


2 


f 

r 




1 







1 

r 


^2 


r 


2^ 




\-r) 



= 



1 





1 



1 



— r 
_ 1 

1 ' 1 




1 

r 

1 



r 


^4 




/ 


-r2\ 











-1 




^3 









_ 1 


1 






_^ 














-5 









iy-«3 


- 


V 


1 / 
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_ 1 

r 







2 




-r 


1 




_ 1 

r 




2 


r 




1 




1 


2 




-r 




r 


_ 1 






^ 


r 









-r 


-1 


/o 


1 


1 

r 





r 


1 





r 


1 


1 


r 


1 

r 





r 


2- ^ 





1 


1 

r 





r 


1 

r 


r 





1 

r 










r 


1 


1 

r 



r 


-1\ 






_ 1 







-1 




_ 1 

r 







— r 


-1 




1 


2 


-r 







_ 1 

r 






VI/ 


1\ 









-1 




r 









1 









r 









0/ 







= 







fz 


1 







r 








1 


z 




1 


1 







1 






z 


r 


J- — + ^ — ^ 


1 




1 
r 





1 


1 


2; 




^4 




r2 


1 

r 


^5 




1 


z 






r 







^5 


1 











= 



where in the last matrix -2 := — (r^ + ^ + + ^) . These equalities end the 
proof of the lemma. We are now able to conclude. By proposition 1, if I is 
in Ti then Wr is not irreducible as it contains a non trivial proper invariant 
subspace. Conversely, we have seen above that if Wr is not irreducible then 
I must belong to T4. We summarize this result in a theorem: 

Theorem 2. Spanp{xa-^ , Xa2, Xa2+ai, Xas, Xa3+a2: ^as+a^+ai) UTi irveducible 
B{A2,)-module if and only if I {r, -r^, \, ^} 

5 The case n=5 

There are ten positive roots: 

4)^ = {ai, a2,a2 + ai, 0:3, as + 0:2, 013 + 02 + ai, 

Q!4, + (X3, 04 + 0:3 + 02, Q!4 + Q!3 + Q!2 + CKl} 

corresponding to the following tangles in V: 

ei, e2ei,5'2ei, 636261, 536261,535261, 

64636261, 54636261, 54536261,54535261 

The first six tangles are obtained from the same six tangles in TM4 by 
adding a straight vertical liae on the right hand side. Hence the actions 
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of 91,92,93 (which affect only the first four nodes) are the same as in the 
case n = 4. We only need to compute the actions of 91,92, 93 on the four 
remaining tangles. But we need to do all the computations for the action 
of 94. Crossings eventually appear between the three vertical braids. We 
represent them by means of permutations that are either transposes or cy- 
cles of lengths three. We will again denote those crossed tangles by their 
non crossed analogues, but we will specify the permutation corresponding 
to the vertical braids by an exponent on the right hand side of the algebra 
element. When the permutation is the identity, the exponent will be omit- 
ted. Moreover and unless otherwise mentioned, all the crossings are over. 
When there is one undercrossing (on the vertical braids), we will indicate it 
with a prime on the transpose and if there are two undercrossings, we will 
indicate them with a double prime on the 3-cycle. Let's compute the action 
of 91 on the four tangles involving 0:4: 



51(64636261) 



51(54636261) 
51(54536261) 



51(54535261) = 



6463516261 by (1) 

64635261 — 77764636261 by (12) and the fact that 6361 = 



(12) 
64636261 

(12) 
54636261 

5453516261 

54535261 +777545361 
(123) 

54535261 + 777 6^ ' - 



by (31) 

by(l) 

- 77754536261 by (12) 
54536261 (rewriting) 



5453515261 
54536261 



by(l) 
by (10) 



(42) 
(43) 



(44) 
(45) 



(43) was not detailed because it is obtained the same way as (42). Let's do 



26 



the same with 52: 

32(64636261) = 

fl'2(5'4e3626l) = 

52(54536261) = 
52(54535261) = 

We have for g^: 



6452636261 by (1) 

64536261 — m 64636261 by (12) and the fact that 6462 

(23) 

6463626]^ 



5452636261 
54536261 + "1.5(46261 



54536261 + me2e[ 



(23) 



by (31) 

by(l) 

-771,54636261 by (12) 
-77754636261 (rewriting) 



5452536261 
54636261 

5452535261 

5453525361 

(12) 

54535261 



by(l) 
by (10) 
by(l) 
by (2) 

(rewriting) 



(46) 

(47) 
(48) 

(49) 



53(64636261) 
53(54636261) 
53(54536261) 



53(54535261) 



= 54636261 + 777636261 — 77764636261 by (12) (50) 



64636261 

5453546261 

5453626154 

(23) 
5453626i 

5453545261 

5453526154 

(23) 
545352 6i 



by (10) 

by (2) 

by(l) 

(rewriting) 

by (2) 

by(l) 

(rewriting) 



(51) 



(52) 



(53) 



Let's now compute the action of 54 on all the elements of the basis B of W. 
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We have: 



5461 


(23) 


(rewriting) 


(54) 


54(6261) 


(23) 
= 626^ 


(rewriting) 


(55) 


54(5261) 


(23) 

= 52ei 


(rewriting) 


(56) 


54(636261) 


= 54636261 


(unchanged) 


(57) 


54(536261) 


= 54536261 


(unchanged) 


(58) 


54(535261) 


= 54535261 


(unchanged) 


(59) 




= I ""^64636261 by (4) 


(60") 


54(54636261) 


= 636261 - 


7^(74636261 + m/ ^64636261 by (8) 


(61) 


54(54536261) 


= 536261 - 


m 54536261 + mr^e433e2ei by (8) 






= 536261 - 


, 7-1 (23)' 

"^ 54536261 + m/ 6463626^ 


(62) 


54(54535261) 


= 535261 - 


"154535261 + ml~^ eig^g2ei by (8) 






= 535261 - 


, ,-^1 (132)" 

?Ti 54535261 + 6463626^ 


(63) 



In (62), there is one undercrossing indicated with a prime. In (63), there are 
two undercrossings that are indicated with a double prime. We summarize 
these actions in matrices: the action of gi is represented by the matrix: 



(l-^ 


m 








m(i2) 













o\ 





—m 


1 


























1 



































l(12) 
































—m 


1 


























1 



































l(12) 
































l(12) 
































—m 


1 


\o 























1 


0/ 



The matrix giving the action of g2 is: 
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/o 





1 







J 1 

ml 


i 


U 


—m 

































































And the one giving 



n 

u 


n 
u 








m 























—m 


-1 
i 








1 

















l(12) 














l(23) 







































action of gs is: 













\ 




















































— m 


1 





1 














l(12) 


/ 



( 


l(12) 









































1 
































1 























ri 




(m/-i)(i2)' 


m 














1 








—m 























1 








—m 
































—m 


1 


























1 



































l(23) 





V 





























l(23) 



As already mentioned above, in those three matrices respectively repre- 
senting the actions of gi, g2 and g^ on the tangles spanning W, the upper 
left 6x6 block is the same as in the case n = 4 where the c (resp c ) indicat- 
ing the over (resp under) crossing on the two first vertical braids has been 
replaced with our new notations by the transpose (12) (resp (12)'). Finally, 
let's give the matrix representing the action of 54: 
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l(23) 



l(23) 


















V 
















I (23) 





























10 

1 

1 

































1 











1 




















— m 











— m 




















1 






-m 



In the case n = 5, it appears to be harder to explicit an invariant subspace 
of W like we did previously. In the case n = 4, we got a representation 
by multiplying the coefficients in the boxes by r when the crossing was 
over (as in (33)) and by dividing them by r when the crossing was under 
(as in (34)). Here we try the same method, the power of r increasing with 
the number of crossings: if there are two over crossings among the verti- 
cal strands, we multiply the corresponding coefficient in the box by r^. If 
there are two imder crossings among the vertical strands, we will divide 
the corresponding coefficient in the box by r^. In other words, a transpose 
is replaced by a multiplication by r and a cycle of length three is replaced 
by a multiplication by when the vertical crossings are over. A transpose 
is replaced by a division by r and a cycle of length three is replaced by a 
division by when all the vertical crossings are under. It yields the matri- 
ces: 



Gi(5) 












Vo 



1 




m 
-m 
1 

r 

























mr 






— rn 

1 











mr^ 









10 



r 

r 















-m 
1 











1 

0/ 
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G2(5) 



G3(5) 



G4(5) = 





( 


u 




1 
















^\ 









7 — 

/ 


1 


ml~ 
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m 





mr 












1 







—m 
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—m 


L 
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u 
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—m 
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r / 






1 f 


n 
u 


n 
u 













n 
u 


n 
u 


n 
u 


U ' 






n 
u 


n 
u 


n 
u 







1 





n 
u 


n 
u 


n 
u 


n 
u 






n 
u 


u 


u 


U 







1 


U 


u 


u 


u 















;— 1 
I 




m 




















1 










-m 





























1 










-m 






































—m 


1 
































1 
























u 
















r 

















u 



















r j 






/r 


u 


u 
















u 







\ 
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n 
u 
















n 
u 












V 


n 
u 
















n 
u 



























1 





































1 





































1 



















l-^ 


ml 


-1 


r 














1 











—m 























1 













— m 









yO 











1 















—m j 



All these matrices are invertible and have the same determinant -p. As in 
(17) and (35), we define for all i e {1, 2, 3, 4}: 

Ei{5) = -{Gi{5f + mGi{5) - ho) 
m 

where /lo is the identity matrix of size 10. We verify with Maple that the 
braid relations (1) and (2) are satisfied on the G/s and that the relations (4), 
(5) and (6) combining the e/s and the g/s are also satisfied on the matrices 
E/s and G/s. We define a morphism of groups: 

5(^4) X GLio(F) 

g. ^ G.(5) 
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where B{A4)^ is the group of units of B{A4) that we extend to a morphism 
of algebras defined on the generators gi's and e/s of B{A4): 

B{A4) — > M{W,F) 

e. ^ £;.(5) 
Thus, we have a representation T of B^A^) in F^^: 

defined by T{gi){X) = Gi{b)X for any X e F^^ and any i G {1, . . . , 4}. Let 
us denote by £^ = (ei, €2 - ■ ■ ,eio) the canonical basis of These vectors 
have one on their ith coordinate and zeros elsewhere. Gj(5) is the matrix 
of T{gi) in the basis £. Suppose that T is not irreducible. Then there exists 
a nonzero proper F-vector subspace H of F^^ such that T{w){H) C H for 
any word w in B^A^). In particular, we must have T{Xij){H) C H for all 
1 < i < J < 5. Computations in Maple show that the matrices representing 
the Xij's each have exactly one nonzero row: the one corresponding to 
the positive root which has a top horizontal line joining the nodes i and 
j. For instance, the tangle associated to the positive root 0:2 + 0:3 has its 
top horizontal line joining the nodes 2 and 4 and is the fifth element of the 
basis B. And the fifth row is the only nonzero row in the matrix of the 
endomorphism T{X24) in the basis £. Let's give an explicit expression for 
the matrix S representing the sum of the Xi/s. We indicated in front of 
each row the corresponding Xij: 



X12 
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1 




I 









r 




Ir 












^2 


lr^\ 


X2Z 
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X 
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1 
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Ir 
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X 
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m-r) 


Zr 
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X 
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Ir 
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X24 


1 
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I 






I) 
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X 
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(r- 
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Ir 
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Ir 
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^2 




m-r) 


(r- 
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X 
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ir- 
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X35 





1 

r 
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1 
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-i)(t-^) 


I 




X 
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1 

Ir 


X25 




1 

Ir 




-m- 


I) 







1 

; 




-0(1-^) 


Ir 




I 




X 


1 


Xi5 


1 







1 

Ir 














1 

I 


Ir^ 




Ir 




I 





= s 



Suppose now that T{X24){H) is nonzero. Let hhe a vector in H such that 
'^{X24){h) / 0. T{X24){h) is a vector in whose only nonzero coordinate 
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is the fifth one. It follows that €5 belongs to H. Next, we read on the fifth 
column of the matrix S: 



T(Xi2)(e5) = rei ^ e H 

T(X34)(e5) = }e4 ^ e^eH 

T(X45)(e5) = ^ 67 G/^ 

T(X25)(e5) = 769 ^ egei? 



Then we read on the first column of the matrix S: 



T(Xi3)(ei) 
T(Xi4)(ei) 



F«6 



1^3 



^ £3 G 



Finally, we read on the third column of S: 



T(X35)(e3) = ^£8 

T(Xi5)(e3) = ^eio 
T(X23)(e3) = 



^ £8 G -ff 

^ eio e 

^ €2 G -ff 



We conclude that the whole basis £ is contained in H. Thus, H = F^^, 
which contradicts H proper. So T(X24)(iJ) = 0. Similarly, the positive root 

having nodes i and j joined on the top line in the tangles is aj-i -\ \-ai. 

The associated tangle is the {[1 + 2 H — 2)] + {j — i)}-th vector of the 

basis B of W. Hence we have: 



Next, we observe that in each column of S, there are at least six nonzero 
and non diagonal coefficients. In particular, there are at least six nonzero 
and non diagonal coefficients in the column A; of S, where 



From there, reasoning like above, we deduce that there are six other ele- 
ments of the basis B, say , . . . Ci^, that are in H. We need to verify that the 
three remaining ones, say e^g, e^g and e^^g, also belong to H. We notice again 
that in each row of S, there are at least six nonzero and non diagonal coef- 
ficients. Let Si^j-^ , . . . , ,s be six non zero and non diagonal coefficients of 
the is-th row of S. Necessarily, there exists s & {2, ... ,7} and t G {1, . . . , 6} 
such that is = jt- It comes: 

where Xu is in front of the zg-th row. It follows that e^g belongs to H and 
the same method applies to show that e^g and Si^^ are in H. We conclude 




£ (3-1)0-2) 
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that T{Xij){H) = 0, since otherwise H wouldn't be proper. This equality 
holds for all the Xij's, hence considering their sum S, we get T{S){H) = 0. 
In other words, we have \/z E H, Sz = 0. We conclude that if T is not 
irreducible, we must have det{S) = 0. Using Maple yields the equivalence 
det{S) = <^=^ I € {r, -r'^, — ^, ^, Let's show conversely that for 
any of these values of I, the representation T is not irreducible. First, we 
show that 

T(5,)( fl KerT{Xij))c f| KerT{Xij) 

l<i<j<5 l<i<j<5 

for all A; in {1, ... , 4}. Let /t be a vector of such that T{Xij){h) = 
for all 1 < f < J < 5. Given i and j such that I < i < j < 5, using the 
conjugation formulas for Xij and the algebra relations like in the proof of 
lemotna 2, but this time on the matrices, we get M at£{T {Xij))G k{5)h = 
for all A; G {1, ... , 4}. So we have {T{Xij) o T{gk)){h) = i.e. T{gk){h) e 
KerT{Xij) for all A; G {1, . . . , 4}. Hence the inclusion above is satisfied 
and the F-vector subspace f^l<i<ij<^Ker T{Xij) of F^'^ is a i?(744)-module. 
The next step is to show that for each of the values of I above, this space is 
nonzero. A vector v of F^^ is in ni<i<j<5ifer T(Xy ) if and only if it is in 
the kernel of the matrix S. We check that: 

If Z = r, then (r^ 0, -r, 1, -r, 0, 0, 0, 0, 0) G Ker S (64) 

If Z = -r^ then (0, -r, 0, --, 1, 0, 0, 0, 0, 0) G Ker S (65) 

r 

If I = -4, then (-r^, + -, r, --, 1, 0, 0, -1, r, 0) G Ker S (66) 

lil = i,, then (r^,-r'^ + -,-r, --,1,0, 0,-1, r,0)e Ker S (67) 

IfZ = ^, then (^, -, ^, r, 1, -, r^, r^, r, 1) G iCerS (68) 

We conclude that if I is one of these values, then T is not irreducible. Hence 
we have the equivalence: T is irreducible ijf I {r, — r^, — ^, ^, ^} 

6 Generalization 

In this section, we extend the previous constructions to B{An-i), for any 
integer n. In ^n-i/ there are (2) positive roots. As already described in 
section 4, we order the roots in the following way: incrementing i, we start 
with Ui and list all the positive roots that have nodes less or equal to i in 
their support (there are i of them), in an increasing height order. This or- 
dering allows us to "build Ai up to An-i". Geometrically with the tangles, 
we join a node to its left neighbors starting with its adjacent neighbor and 
moving to the left; we shift the right extremity of the top horizontal line and 
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start again. After step i, all the possible pairs of nodes for the top horizon- 
tal line appear exactly once on the first i + 1 nodes. Hence we have listed 
(*^^) tangles. The first ("2 ^) positive roots correspond to the tangles span- 
ning W in B{An-2) where a vertical string has been added to the right side. 
Hence, proceeding inductively, we already know the action of 51 , ... , gn-2 
on these tangles, the last vertical string on the right being left invariant 
with these actions. To obtain the matrices Gi, G2, . . . , G„_2 inductively, it 
remains to compute the actions of these g/s on the n — 1 tangles 

en-ien-2 ■ ■ ■ ei, gn~ien-2 ■ ■ ■ ei, 5„_i5„_2e„_3 . . . ei 

, 9n-l9n-2 ■ ■ ■ 92^1 

The action by gi on the first n — 3 tangles (in the roots a„_ 1 , 1 + "n-2 , • • • , 
q;„_i + an-2 + • • • + az) is simply a crossing, hence a multiplication by r. 
Recall that the top horizontal line of the tangle associated with the positive 
root a„_i + ■ ■ ■ + ai joins the nodes i and n. As long as the top horizontal 
line does not begin with either node i or node z + 1, as in a^-i , • • • > "n-i + 

|-ai+2 (firstn— i— 2tangles) or asinan_i-| hoi-i, Q;„_iH hcci 

(last i — 1 tangles), the action by gi is a crossing and the coefficient in the 
matrix is an r on the diagonal. Suppose now that we are looking for the 
action of a gi on the tangle whose top horizontal line starts at node i (and 
ends at node n). The left extremity of the top line of the tangle resulting 
from this action is now shifted to the right and starts at node i + 1. In other 
words, the root On-i + • • • + is sent to the root On+i + • • • + Oi+i, which 
corresponds to a 1 above the diagonal in the matrix of Gj. It remains to look 
at the action of gi on the tangle {i + l,n). The node z + 1 is sent onto the 
node i with an undercrossing. Using the tangle formula (31), we get: 

gi.{i + 1, n) = (z, n) + m ei.{i + 1, n) — m (i + 1, n) (69) 

where the permutation {k,l) denotes the tangle in W whose top line starts 
with node k and ends with node I. Acting by Cj transforms the top hori- 
zontal line of the tangle into a vertical line that still over crosses the same 
number of vertical strings, that is a total oi n — i — 2 vertical strings. Its 
top horizontal line now joins the nodes i and i + 1 as in eiCi-i . . .e\. We 
read on the equation (69) that there are three coefficients in the column of 
the matrix. The first one is a 1 just below the diagonal, the second one is 
^^n-i-2 |.|-^g |i _|_ 2 + . . . + (i — 1) + ijth row of the matrix, where the 
factor on the right corresponds to the n — i — 2 over crossings. The third 
coefficient is a — m on the diagonal. We get the following matrices for G\, 
G2, . . . , Gn-2 (that we will call "matrices of the first kind"): 
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(-2 ) 
( ) 









Gi{n - 1) 


n — 3 
< V 






r 






r 








f—m l\ 

\ 1 oj 



ei 



G2(n-1) 


n - 4 

< > 






r 






r 








f—m 1\ 

V 1 V 

r 



6261 



Gn-2(n - 1) 


m 






/— m l\ 


n — 3 




< ^ 






r 






r 



^ 6n_2 . . . 6261 
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We now compute the action of g-n-i on the spanning tangles of W . When 
n — 2 and n — \ are not in the support of the corresponding positive roots, 
the tangle's top line does not end with node n — 1 or node n. Thus the 
result of the action by is a crossing of the last two vertical strings. 
Consequently, the upper left square block of size ("2 ^) of the matrix G„_i is 
a scalar matrix with r's on the diagonal. Now if n — 2 is in the support of the 
positive root, the top line of the associated tangle ends with node n — 1 and 
a left action by gn-i shifts this end to node n. In other words, the positive 

root a„_2 H h Oj is sent to the positive root On-i + 0^-2 H 1- Oj- Next, 

if n — 1 is in the support of the positive root, the top line of the associated 
tangle ends with node n. We start with the easy case of the action of Qn-i 
on the positive root otn-i associated with the tangle e„_i . . . ei. The result 
of this action is simply a multiplication by 1/Z to remove the loop, hence a 
1// on the diagonal. If the top horizontal line crosses now 1 to n — 2 vertical 
strings, as in Un-i + oin-2, On-i + • • • + ai, the action by gn-i shifts the 
right extremity of the top horizontal line to the left. The top line ends now 
in node n — \ instead of node n. But to be able to use the regular isotopy 
and more specifically Reidemeister's move II (see for instance lfT2| ) that 
allows to separate two strings that intersect in two overcrossings or two 
undercrossings, we first need to transform the overcrossing of g-n-i into an 
undercrossing, using the tangle formula (31). It yields: 

gn-i-{i, n) = {i,n - 1) + m Cn-i-ii, n) - m{i, n) 

The action by e„_i transforms the top horizontal line into a vertical string 
that overcrosses one less vertical lines as the last vertical line is now part of 
a loop. In the general picture, the n — i — 2 crossings are under and to build 
a representation as before, we divide the corresponding coefficient by the 
power r^-^-'^. The top line now joins the two last nodes as in e„_i . . . ei. 
Thus, for 2 < j < n - 1, the (1 + 2 + • • • + (n - 2) + 1, 1 + 2 + • • • + (n - 2) + j) 
coefficient of the matrix is The matrix has the following 

shape, where the blanks must be filled with zeros. We will call it a "matrix 
of the second kind": 
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We defined matrices Gi, . . . , Gn-i that correspond to the actions of g'l, . . . , Qn-i 
on the spanning elements of W. We now define matrices . . . , En-i by 
setting 

VI < z < n - 1, Si := ^ {g1 + mGi- /q^) 
Our conjecture is that: 
Conjecture 1. 

Cflse n-3 

B{A2) M{3,F) 

91,92 ' — > Gi, G2 is a representation. 

ei, 62 I — > El, E2 

It is irreducible iff I ^ {—r^,— 1,1, 
General case 

gi I — > Gi is a representation, 

a I — > Ei 

It is irreducible ijfl {r, -r^, 
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The conjecture is verified in the cases n = 3, 4, 5 (cf respective sections 3, 
4, 5). Computations with Maple were done in the case n = 6. We wrote a 
program in Maple that defines the matrices Gi, G2, • • • , G„_i for a given 
n, computes the Xij's, forms their sum matrix S, then solves in the variable 
I the equation det{S) = 0. We ran the program for n = 6, obtaining a 
similar results (but without any proof) as in the cases n = 4 and n = 5 and 
leading us to the conjecture 1 for a general n. We will prove the conjecture 
in the general case, but first we need to give a more visible expression for 
the announced representation. This is the object of the next section. 

7 The Representation itself 

Let V denote the vector space over F with spanning vectors Xf^ indexed 
by /? G where is the set of positive roots. In this section we give a 
formal definition of a representation 

B{An-i) EndpiV) 

9% I — n 

In the case n = 4, an element xp can be viewed as an appropriate Unear 
combination over F of the tangles associated with /? (cf section 4). In what 
follows, Supp{P) denotes the support of the positive root (3 i.e. the set of /c G 
{1 . . . n} such that the coefficient of in (3 is nonzero ; ht{(3) denotes the 
height of the positive root P: if jS = Uiai, then ht{l3) := n^. We read 
on the matrices of the previous section an expression for the representation 
in two special cases: i = n — 1 on one hand (point 1. below) and i G 
{1, ...,n — 2} and n — 1 G Supp{f3) on the other hand (point 2. below). 
We then deduce inductively a formula for the representation in the case 
zG{1, ...,n — 2} (point 3. below). We have: 

1. If i = n — 1, then we read on the matrix Gn-i of previous section: 

r xp if {f3\ai) = 

r^xp ii{(3\ai) = 1 

xo-ai + irhZ)-2 - mxp if {I3\ai) = \ 

Xfs+ai if {0\ai) = -\ 

2. If i G {1, . . . , n — 2} and if n — 1 G Supp{/3), then we read on the last 
n — 1 columns of the matrices Gi, . . . , Gn-2 of previous section: 



(I) 

. ^ (11) 
'ii^0)= (HI) 

(IV) 



(I) 
(III' 

(IV'; 



rxp 



if (/3|a.) 
if (/3|a^) 
rnxfi if {(3\ai) 





1 

2 
1 
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3. ze{l,2,...,n — 2} and no restriction on /3: we use induction with 
the expressions for the representation in points 1. and 2. above. More 
specifically, we will always use the induction in the following way: 

suppose that we want to evaluate iyi{n){xai-\ ha/c) where I > k and 

I < n — 2. By induction this value has already been computed in 
lower dimension (in B{An-2)) and proceeding successively by induc- 
tion, we may in fact decrement the integer n till we reach the integer 
M := Max{i + 1,^ + 1). On the matrices the picture is to keep mov- 
ing backward in the upper left comer till you can either use the last 
columns of a matrix of the first kind (in the case M = ^ + 1) or the ma- 
trix of the second kind (inthecaseM = i+l)inthe suitable i3(^M-i)- 
We note that if i + 1 < Z + 1 then by definition M = l + l and we have 
i < I — 1 = {I + 1) — 2, so that the inductive steps are all justified and 

the expression for i/j(Z -I- l){xa,-\ ) n^ay indeed be read on the last 

I columns of the matrix of the first kind Gi{l + I). If on the contrary 
i + 1 > I + I, then by definition M = i + I. The inductive steps are 
again justified by the fact that i < (z + 2) — 2 and I < i. The expression 
for Vi^i + l)(xa;+...+Qj,) is now obtained by using the matrix of the 
second kind + 1) in B{Ai). We will now apply those preliminary 
remarks, while dealing with the different values for the inner product 
i(3\ai). 

• If {P\ai) = — ^, there are two cases: 

* (3 = ai-i + ■ ■ ■ + ak with k <i — 1. We have: 

n{n){xo,^_^+...+au) = ■■■= l)(a;ai_i+-+aj 

= xp+ai by using (IV) 

* P = ai-\ h ai+i with l>i + l. Then we have: 

Z/i(n)(Xa,+...+ai+i) = . . . = + l)(Xa;+...+a,+i) 

= xp+ai + mr^"'~'^Xai -mxp 

The last equality is obtained by using (IV ) of point 2. 

For the last equality to hold, we must have i < {I + 1) — 2, 

i.e. i < I — 1 which is true by our assumption in 

• If {/3\ai) = \, there are again two cases: 

* (3 = ai-\ \- dk with k <i — l. Then we have: 

Ui{n){Xoci+-+ak) = + l)(a;ai+...+aJ 

m 

The last equality is obtained by using the expression (III) of 
point 1. 
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* P = ai-\ \- tti with I >i + l. Then we have: 

iyi{n){Xai+...+ai) = Ml + l)(a;a,+-..+ai) 

= xp-ai by (III') 

• If (/3|ai) =0, then there are again two possibilities: 

* i — 1, i, i + 1 ^ Supp{P) 
Then Ui^X/s) = rxi3 

* {i — 1, i, i + 1} C Supp{P) 

Then we can write P = ai-\ h aj+i + ccj + ai-i H h ccfe, 

some I >i + l and A; < ? — 1. It comes: 

Ui (n) (Xq-j-i |_Q,i_,_i+ai+ai_iH hOfe ) 

= • • • = + ^){Xai-\ hOi-i+ai+aj+iH hak) 

We have by assumption i < / — 1 = (I + 1) — 2, so that we 
may apply point 2. Further, P has height at least I — i + 2 
and there are (/ + 1) - i - 2 = / - i — 1 r's on the diagonal of 
the first I — i — 1 columns of the last I columns of the matrix 
Gi{l + 1). By previous section, skip two more columns and 
get again a pattern of r's on the diagonal, which now yields: 

l^i{n){Xai+-+ai+i+ai+ai-i+-+ak) =fXp 

Thus, we see that in both cases we have Vi{xp) = r xp. 

• If {/3\ai) = 1, the only possibility is /3 = aj and we have: 

Mn)iXai) = l^i{i + l){Xai) 

= J as in (11) 

We deduce from that last point and from the equation (II) of 
point 1. that if {f3\ai) = 1, then Vi{xf}) = jX(j for all i. 

We now gather all these results to obtain the final definition of the endo- 
morphisms vi's. In what follows, let -< be the total order on the positive 
roots, as used and described several times before: 

ai ^ Q!2 ^ CK2 + Q!l ^ CK3 ^ 0:3 + a2 ^ 0:3 + 02 + Oi\ 

-< ... ^ an-1 -< a„_i + an_2 -< ■ ■ ■ ^ On-l + Oln-2 H h Oi 

It will also be convenient to read /3 :^ 7 for some positive roots P and 7. 
By P y ^ we will imderstand j -< p. We see with points 1., 2. and 3. 
that we always have Viixg) = rxp when {P\a,i) = 0. Similarly, by points 
1. and 3. we always have Viixp) = xp when (/3|aj) = 1. Suppose 
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now that {P\ai) = \. Then /3 — is a positive root and there are two 
cases: either (3 — ai -< ai ox (3 — ai >- ai. The first situation occurs in 
point 1. since /? — Q!„-i starts with an-2 and is thus ranked before oin-i 
and in point 3. when /3 = ai + ■ ■ ■ + with k < i — I. In the latter 
case, f3 — ai = a^-i + ■ ■ ■ + ak -< ai. In both cases we have Ui{xp) = 
X0-ai + i^ht(0)-2 — m xp. The second situation occurs in point 2. since 
then /? = an-i + • • • + aj+i + ai and so (3 - ai = a„_i + • • • + Oi+i >- ai. 
It also occurs in point 3. when (3 = ai + ■ ■ ■ + ai with I > i + 1, since 
then 13 — ai = a; + • • • + a^+i >- ai. Again, in both cases the result is 
the same and we have Viixp) = xp-ai- Finally the last case {P\ai) = —\ 
splits in turn into two cases: (3 )^ ai on one hand and (3 ~< ai on the other 
hand. Indeed, in point 1. and in point 3. when (3 = aj_i + ■ ■ ■ + ak with 
k < i — 1, we have (3 ~< ai and i>i{xjj) = Xf^^on- Whereas in point 2. and 
in point 3. when /3 = a/ + • • • + aj+i with I > i + 1, we have P y ai and 

MX/S) = Xi3+a, +mr^^^l^^-'^ Xai - m.Xi3. 

Note that when {f3\ai) = 5, a direct comparison between (3 and Qj is not 
the criterion as in that case i lies in the support of (3, which always yields 
13 greater than a^. In fact, if (/3|aj) = ^, i is contained in the support of /3 
and moreover j3 ends with a^ or begins with a^. Comparing (3 — ai with ctj 
tells the relative position of aj in the sum. If {l3\ai) = — i, then (3 "stops just 
before a/' (in which case 13 )~ ai) ox "starts right after a/' (in which case 
13 -< ai). 

We are now able to give a complete expression for the endomorphism vf. 

(a) 

1 (6) 
I k P - ai^ ai (c) 
^ S^, (3 — ai ^ ai (d) 
i & P y ai {e) 
^ & P ^ ai if) 

We now define iy{ei) := i^ii'i + mvi — idv) and compute the explicit ex- 
pression of the endomorphism v{ei). For (/3|aj) = 0, we use the defining 
relation + m r — 1 = 0. When {P\ai) = 1, we get: 

= — ^ — Xai as in that case P = ai 



^i{Xfi) 



if (/3|ai) 
ii{P\ai) 
if (/3|ai) 
if(/3|Q;i) 

xp+cci + m r''*(^)-^ -mxp if (/3|ai) 
a;/3+ai if {P\ai) 



r xp 
I'^xp 

Xp-ai 
xp-ai "T ij.ht(l3)-2 Xa 
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In the other cases, we notice that: 



if {f3\ai) = ^, then P - ai is a root and (/3-a.j|ai) = = — | 

if (/3|ai) =—5, then (5 + is a root and (/3 + aj|aj) = — ^ + 1 = \ 

The computation of the square vf uses the third relation together with the 
fifth relation and the fourth relation together with the sixth relation in a 
very pretty way. The idea is that a condition of application of (c) (resp 
(c?)) with 13 yields a condition of application of (e) (resp (/)) with 13 — ai 
and a condition of application of (e) (resp (/)) with (3 yields a condition of 
application of (c) (resp {d)) with (3 + Oj. And indeed, 
if {f3\ai) = \ and (3 — ai)^ ai, then {(3 — ai\ai) = — ^ and (3 — ai>- ai. 
It follows that: 

I'iixjs) = i>i{xi3-ai) by application of (c) with /? 

= X(^_(^^)_|_Q,. + m 7-'**(^~'*')~^ Xq. — mxp^ai by application of (e) with (3 — ai 

= x/3 + m r'**(^)~^ Xai - m xp-^i 

Computing z/(ei) (x^), the first term on the right hand side of the last equal- 
ity above cancels with —Idy(xp) = —xp and the third term cancels with 
mvi{x^) = mx^-cn- It remains the term proportional to a^ which multi- 
plied by the coefficient ^ yields I r'^^if^)-'^ Xai- 

If {(3\ai) = ^ and P — ai ~< ai, {(3 — ai\ai) = — | and (3 — ai < ai, so that: 
^K^ii) = Vi{xj3-ai + j^^hm-"^ ~ ^^'^^ application of (d) with P 

Tfl 

= ^/^ + p -mui{xi}) by application of (/) with /3 - and by (6) 

When computing i^(ei), the two terms on the extremities of the last equality 
are canceled and it remains the only term ^^.,,t("/3)-2 after multiplication 
by the factor ^. 

If {P\ai) = —\ and P >- ai, then (/? -I- ai\ai) = \ and {P + ai) — ai >- ai. 
Hence, 

Vi{xf}) = Vi{xj3^cti + "T- r'^^^^^~^ Xai — f^Xfj by application of (e) with P 

jjlj.ht{l3)-l 

= Xj3 -\ Xai ~ ^ ^{xjj) by application of (c) with P + ai and by {h) 

As in the previous cases, the only remaining term in iy{ei){xf3) is the multi- 
ple of Xai this time, the coefficient is just r'^^W-'^, 

Finally if {P\ai) = — | and P ~< ai, then {P+ai\ai) = \ and {P+ai)—ai -< ai. 
It follows that: 

Vi{xp) = Ui{xp+ai) by application of (/) with /3 

Tfl 

= x^p+ai)-ai + i^ht{i3+ai)-2 ~ ^ ^P+^i application of (d) with p + ai 
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After canceling the two terms in and in x/j+a^, the final result is ^m(j3)-i 
Thus we have: 







1 



lrht{0)-2 

j.ht{i3)-l 





if = 

















if {I3\ai) = 


1 














if {(5\ai) = 


1 

2 


k 


/? 


- 


>- 


OLi 


Xai 


if {I3\ai) = 


1 
2 


& 


/? 


- ttj 


~< 




Xai 


if {(5\ai) = 


1 
2 


& 




a 


>- 


Oil 


Xai 


if iPWi) = 


1 

2 


& 




(3 


~< 


Oil 



1 

j,ht(p)-l ^ai 

By construction of vi, Gi is the matrix of the endomorphism Vi in the ba- 
sis B\> '.= {Xa\iXa2iXa2+a\i ■ ■ ■ 1Xa„-\1XaJ^_^-\-an-2^^^o^n-l+Oln-2-\ hai) Srid 

by definition, is the matrix of the endomorphism v{ei) in the basis By. 



Theorem 3. 



zs a representation of the algebra B{An-i) in the F-vector space V. 

If we can show the theorem, then by the remark above, the maps on the 
generators in the conjecture 1. also define a representation of B{A2) (resp 
B{An-i)). 



Proof of the Theorem: 

First we must show that for any two nodes i and j, if i 'S- j, then ViVj = VjUi 
and if z ~ j then ViVjVi = VjViVj. Suppose first that i j. Then we have 
{ai\aj) = 0. We want to show that: 

I'il'jiXaj) = VjVi{Xa^) 

nT^j{xp) = VjVi{xp) ior (3 ^ {ai.aj} 

It is a direct consequence of (a) and (6) that the two members of the first 
equality are equal to fx^^ . As for the second equality, we check it by 
computing the common value depending on the inner products {(i\ai) and 
(/3|aj). We summarize the results in the following table: 
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{P\aj) 




1 Llic: 


1 


n 











2 


n 




1 Si: B — cy ■ n ■ 


T '7* /3 

' ■^p—aj 


(a) & (c) 


3 
4 








i & /? — (T^- ^ (T,,- 


r + r^^^f^^Xaj - mr xp 


(a) & (d) 
(a) & (e) 


5 











(a) & (f) 


6 


^ & /3 - 


-< 


^ & /3 — Q!j ;^ aj 


Xp—aj—ai "l~ ij.ht(i3)-3 


(a) & (c) & (d) 


7 


-i &/3 -< 




P y aj 


Xp+ai+ai + m r^*^'^) Xai - m Xp+a^ 


(a) & (e) & (/) 


8 


5 & /3 - ai 




-i & /3 -< 


Xp+aj-ai 


(c) & (/) 


9 


5 & /? - CKj 






Xp+aj-ai -mxp+aj - mxp-ai 

+mr X(Xj + i^ht{i3)-3 Xai -\- fn xp 


(a) & (d) & (e) 



The cases 1 to 9 are the only possible cases when excluding {j3\ai) = 1 
or {P\aj) = 1. In the table above, (a) is often used with (aj|aj) = 0. In 
the first five cases, (/3|ai) = 0. Since we assumed that (ailaj) = 0, it fol- 
lows that {f3 — aj\ai) = (used in cases 2 and 3 to compute ViUj{xp)) and 
(/? + I a j ) = (used in cases 4 and 5 to compute ui i'j{xfs)). Next, if both in- 
ner products are equal to ^, then without loss of generality, /3 "starts" with 
ai and "ends with" aj, i.e. (3 = ai + ■ ■ ■ + aj with i > j. Then /3 — -< 
and 13 — aj >- aj. Moreover, (/3 — ai\aj) = {P\aj) = \ and we read on 
the expression giving (3 that {13 — ai) — aj >- aj. Then we may use (c) 
with (3 — ai and aj for computing VjUi{xp). Similarly, {(3 — aj\ai) = ^ and 
{(3 — aj) — ai -< ai, so we may use {d) with (3 — aj and ai for computing 
ViVj{xp). If both inner products are equal to — ^, then without loss of gen- 
erality, we may write /? = Oj^i + • • • + aj+i. We have aj ~< (3 < ai and 
also [3 + aj -< ai and [3 + ai >- aj. This allows us to use (/) with (3 + aj 
and ai when computing i'ii'j{xp) on one hand and (e) with f3 + ai and aj 
when computing UjUi{xp) on the other hand. The same methods apply for 
the cases 8 and 9, with j3 = aj-i -\ h in 8 and /? = -I h a^+i in 9. 

Suppose now that i ^ j. Then we have {ai\aj) = —\. Again by sym- 
metry of the roles played by i and j, we need to show that: 

ViVjVi{Xa^) = VjViVj{Xa^) 

ViVjVi{xp) = VjViUj{xp) {ox (3 ^ {ai,aj} 

The right hand side of the first equation is l^^VjVi{xaj). Next, we need 
to distinguish between two cases: aj -< ai and aj >- ai. The first case is 
the short one as it uses the short expressions (c) and (/), which immedi- 
ately yield i^iiyji^iixaj) = i'ji^ii'j{xaj) = l~^Xon. In the second case, we have, 
t^iixaj) = Xai+aj + mXa^ - mXay Since {ai + aj\aj) = 1-5 = 5 
{ai + aj) - aj = a, ^ aj, we get i'ji'i{xaj) = Xat + ^^ocj - rnXai+aj + 
mxai+aj — T^"j' ^j^i{xaj) = Xa^- In that casc the final result is again 
l~^Xai {ox both members of the first equality. The proof and results for the 
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second equality are gathered in the following table: 



case 




{(3\aj) 


ViVjVi{xB) = VjUiVj{Xj3) 


rule 


1 
2 
3 

4 

5 













^ & /? — a j >- aj 
1 & /? — a j -< aj 

-\&c f3y aj 

-i & -< nj 


r xp 

rx/3^a,-aj - mrx/s-aj - mr'^xp 

1 m 1 m 

rxi3+a,+aj - mrx[3+aj - mr'^xp 


(a) 

(a)&(c) 
all of them 

all of them 

(«■) & (/) 


6 


^ & [3 — ai ^ ai 


\ (3 — aj >- aj 


J + — Xa - jj- X^_Q,^. 


all of them except (a) 


7 
8 


^ Sz (3 — ai >- Oi 

^ &C P — Oi -< Ui 


-l&c P y aj 
-5 «& /? -< aj 


rx/3 + mr^^^~^ Xc^ — mrxp-ai 

rX/3+ ^a,- 


(a) & (c) & (e) & (/) 
(a) & (c) & (d) & (/) 



The values for the inner products and the fact that i and j are adjacent 
nodes determine in each case the only possible expression for (3. In case 2, 
we have (3 = ai + ■ ■ ■ + ctj+i + a,- + aj with I >i + \. Then (/? — aj\ai) = ^ 
and f3 — aj — ai >- a^ and (/3 — aj — ai\aj) = 0. In case 3, we have 
f3 = aj + ai + ai-i + ■ ■ ■ + a^ with A; < z — 1. 

In case 4, we have (3 = ai-\ h a^+i with I > j + 1 and aj >- ai. 

In case 5, we have /? = aj-i + • • • + with k < j — 1 and :^ a^. 

If (/?|Q;i) = {l3\aj) = I (case 6), the only possibility is /3 = + aj with 

without loss of generality a^ y aj. We get: 

Vil>jVi{Xj3) = J Xj3 + jpSw^ — y 3;^-aj 

Since htp = 2, the two results are the same. 
The case {P\ai) = {P\aj) = —5 is impossible. 

In case 7, we have P = ai -\ + ai, with I > i and i j, i > j. Finally in 

case 8, we have /? = ccj H h with k < i and j ^ i,j > i. 

To get a representation, there are two more things to check: 
^i^i'^i) = l~^^{ei) and v{ei)uju{ei) = lv{ei) for any two adjacent nodes i 
and j. The first equality holds since ViixaJ = l~^Xon and z^(ej) is always a 
multiple of Xq, . . Next, given two adjacent nodes i and j, their inner product 
is equal to— |. We want to show that i/(ej)z>'j(xQ,J = Ix^^. Suppose first that 
ai ~< aj. Then z/j(a;Q.) = Xa,^^ay Since (oj + aj|aj) = 1 — | = ^ and since 
aj >- ai, we get u{ei){xai+aj ) = ^ a^Q... Next suppose that ai >- aj. We have 
'^{ei)ixai+aj + mxaj - mXai) = (j + rn{l - x))xai = Ixai- This ends the 
proof of the theorem 3. 

Finally, it is direct to observe that u^eiCj) = when i j. Thus, the so 
built representation factors through the quotient B{An-i)/l2- 
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8 Proof of the Main Theorem 



8.1 properties of the representation and the case n — 6 

Suppose that the representation u is not irreducible. Then there exists U an 
F-vector subspace of V such that U ^ Q,U ^ V and v{w){JA) C U for any 
element w of the BMW algebra B{An-i). We will show that v{Xij){U) = 
for any 1 < i < j < n. And indeed, suppose that there exists u e U 
such that z/(e,; )(?;,) ^ 0. Then by the action of z/(e,;) described above, we 
get that is in U. From there we deduce that all the x^'s are in U and 
there are three steps. First we have i/i+i(xQ,.) G U, i.e. Xaij^^+ai £ ^- By 
successive applications of (/), it follows that all the x^^s^ — (-q.^ with I > i 
are in U. Next, starting again from x^.+^+a,, we have nix^^^^+a,) = a^a,+i, 
so that .Xtt^^j G U and proceeding inductively with step 1, all the Xai with 
I > i are also in^. Third, Vi-i{xon) = Xa^+ai-i + t^Xoh_^ modulo Fxai 
another application of i/j-i yields Ui_i{xai+ai-i + m Xai_i ) = Xai + Y 
from which we derive that .Tq,. ^ is in U. Again by induction we also have 
Xai , • . • , a^a,_2 S ^- gather all these informations as follows: by the 
steps 2 and 3, all the x^/s are in U. Furthermore, by the first step applied 
to the Xa/s, all the x^'s are in U. This contradicts U ^V. We conclude that 
v{ei){U) = for all i. It remains to show that Vj > i + 2, v{Xij){U) = 0. 
Using the conjugation formulas, an expression for y{Xij) is: 

u{Xij) = Vj^i . . . Ui+iu{ei)v-^^ . . . v-\ 

For any positive root /?, v{Xij){xfj) is a multiple oiuj^i. . . hence 
a multiple of . We will remember this fact: 

Proposition 2. 

u{Xij){xi3) is always a multiple ofxa^^ hoj-i- 

In other words, the {{I + 2 + ■ ■ ■ + j — 2) + {j — i)}th row is the only non zero 
row in the matrix Matj3^v{Xij). 

Thus, if u{Xij){u) / 0, some u ^U,i\. comes Xq,._| hoj-i ^ U. As expected, 

+ • • • + aj-i is the positive root having nodes i and j joined on its top 
horizontal line like in Xij. Then, by successive applications of (c), we get 
Xaj^-^ £ U- By the same arguments as above, we deduce from that fact that 
all the Xj^'s are in fact in U, which is a contradiction. Again we conclude 
that i'{Xij)(U) = 0. Thus, we have: 




Since S is the matrix of the endomorphism i^{J2i<i<j<n-^ij) ^ basis 
B^, V not irreducible implies det{S) = (otherwise U would be trivial). A 
direct consequence of that fact is that the sufficient condition on I found 
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with Maple so that the representation is irreducible holds in the case 77, = 6. 
Furthermore, we obtained with Maple that for each of the values of there 
exists a nonzero vector in the kernel of the matrix 5". Such vectors belong to 
the intersection CiKer i^{Xij) by proposition 2. Since the F-vector subspace 
nKer ^{Xij) is stable under the u{w)'s, w G -6(^5) by the same arguments 
as those exposed at the end of part 5, the Main Theorem is true in the case 
n = 6. 



8.2 The case / 



In this section, we show that for / = the representation is reducible 

and we give a necessary and sufficient condition on I so that there exists 
a one dimensional invariant subspace of V. We introduce new notations. 
Recall that each of the positive roots is associated with a top line joining 
two nodes in a unique way. We will denote by wij (i < j) the root whose 
associated tangle has nodes i and j joined on its top horizontal line. Note 

that Wij is nothing else but aj H 1- ckj-i. We will again denote by Wij the 

element Xw^j of V. Our result is the following: 

Theorem 4. Assume (r^)^ 7^ 1. 

Suppose n = 3. There exists a one dimensional invariant subspace of V if and 
only ifl = ^orl = —r^. 

If those values are distinct then, if such a space exists, it is unique and 

Ifl = ^f it is spanned by 1012 + r wis + r'^ W23 
If I = —r^, it is spanned by W12 — ^ wis + ^ W23 



r-3 = 1 

invariant subspaces: 

SpanF(wi2 + r w\z + r"^ W23) and SpanF(wi2 wis H — ? 

In other words, the sum 

SpanF{wi2 + r u;i3 + W2z) + Spanpiwu — ^ W13 + ^ t 
is direct. 



Moreover, if -r^ = p-, i.e r° = — 1, then there exists exactly two one-dimensional 



Suppose n > 4. There exists a one dimensional invariant subspace of V if and 
only if I = ^2^. If so, it is spanned by Ei<s<t<n r^^^f^st 
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Proof of the theorem: suppose that there exists a one-dimensional in- 
variant subspace U of V, say U is spanned by u. We have seen that 

WC Pi Kerv{Xij) 

l<i<j<n 

In particular, we must have v{ei)iU) = for all i. By definition of z^(ei), 
this implies [vf + mui — id\;){u) = 0. For each i, let Aj be the scalar so that 
i'i{u) = XiU. It comes Xf + mXi — 1 = 0,hence Aj G {r, —j.}- Furthermore, by 
using the braid relation ViVjVi = UjViVj, we see that all the A/s for 1 < i < 
n — 1 must take the same value r or — -. Let's denote this common value 

r 

by A. Thus all the A/s are determined by Ai. We want to determine wether 
Ai = r or Ai = — i. Let's write 

l<i<j<n 

We claim that the coefficients in this sum are related in a certain way. First 
we notice that an action of Ui on Wi^^ makes a term in appear with 

coefficient /li^k and an action of Ui on jJLi+i^k Wi+i,k makes a term in Wj+i,^ ap- 
pear with coefficient — m/Uj+i fc. Moreover, ifj+i^fe cannot be obtained from 
other Wst's by acting with f,. Thus, if Ui{u) = Xu, the coefficients fXi^k and 
fii+i^k must be related by the relation: 

fJ'i,k — fnjJ.i+i^k = ^^■i+\,k 

We note that if one of the coefficients iXi^k, l^i+i,k is zero, then the other one 
is zero. In other words the two coefficients are either both zero or both non 
zero. They are related by 

/"i+i,fe = A/ii,fc (70) 
Similarly, by operating on wi^i and with Ui, we get the equation: 

IJ'i,i+i = >^ IJ-i,i (71) 

Now the relations (70) and (71) show that all the coefficients Hi/s are nonzero 
as u itself is nonzero. Moreover, up to a multiplication by a scalar, u is of 
the form 

l<i<j<n 

Suppose first n = 3. Then u can be written in the form 

U = X^ Wi2 + A^ Wis + W23 

Let's compute z^i(tt) and i'2{u): 

ui{u) = (^+mA^) wi2 + A^tt;i3 + A^ W23 

I^2iu) = X" Wi2 + X^Wi3 + (^ + ^) W23 
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Since z^i(u) = Xu and ^2(11) = Xu, we must have: 



\^+mX^ = X'^ i.e. \ = X{l-mX) i.e. 1 = ^ as l-mA = A2 
I T + ^ = A^ i-^- ^ = i(l + f) i-^- i = ^ as 1 + f = ^ 

Thus, in the case n = 3, if there exists a one dimensional invariant subspace 
of V then / must take the values ^ or — r^. Conversely, let's consider the 
two vectors: 

Ur = W12 + rWis + r^W23 

U_l = W12 - l:Wi3 + Xw23 

r 

We read on the equations giving the expressions for z^i(u) and f2(«) that 

If / = ^ then Z^l(ttr) = l^2{'Ur) = r Ur 



If I = —r^ then ui{u_i) = f2(«_i) = 



u 



The theorem is thus proved in the case n = 3. Suppose now n > 4. By 
the above, the coefficient 1134 of u is nonzero. An action of ui on W34 is a 
multiplication by r and an action of vi on the other Wi/s does not affect the 
coefficient of W34. This last point forces A = r and u can be rewritten: 

u = r^^^Wij 

l<i<j<n 

We will now see how this expression of u forces the value of /. It suffices for 
instance to look at the action of vi on u and the resulting coefficient in W12. 
A term in W12 appears when vi acts on W12 and on the W2j's for 3 < j < n. 

3 

In the first case the resulting coefficient is Y ^rid in the second case the 
resulting coefficient is m r^^"^ x r^^'^. Hence we get the equation: 

n o 



r 



Y^[ry + -=r' (72) 

j=3 



from which we derive that / = ■:pik=^. Conversely, for this value of I and 
letting u = Yl,i<i<j<n'^^^^''^i3' check that Vi{u) = rn for all integers 
1 < i < n — 1. We start the proof by showing that the coefficient r^*+^ 
of Wi^i^i is multiplied by r when we act by Vi. We notice that the root 
appears when we act by Vi on: 



2. (3 with {(i\ai) = \ and P — ai ^ ai 

3. /? with {(3\ai) = -\ and /3 :^ 
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In the first case, it yields the coefficient r^" ^ x r^'+^ = r^"+^* ^ 

In the second case, /? = lUfe^i+i with A; = 1, . . . , i — 1. It yields the coefficient: 

fc=i fc=i 

In the third case, P = with s = i + 2, . . . , n. It yields the coefficient: 



n 

m 



s=i+2 s=i+2 

When summing the three coefficients, it only remains r^*+^ = r x r^*+^. 
Thus the coefficient r^*+^ of is multiplied by r. 

Next, given a positive root /3, if none of the nodes i — l,i,i + lisin the 
support of 13 or if all three nodes z — 1, i, i + 1 are in the support of (5, then 
it comes: 

I'iixfj) = rx0 

Thus, we only need to study the combined effect of ui on Wk^i, Wk,i+i, with 
A; < z — 1 on one hand and Wi^i, Wi+i,;, with I >i + 2on the other hand. 
We have: 

r'+'Mwk,^) = r^^'wu,^+l (73) 
r'=+^+^ Vi(wk,i+i) = r^+^+^ Wk,i -mr''+'+^ Wk,i+i modulo Fxat (74) 

So we get: 

Ui (r''+' Wk,i + r''+'-^^ Wk,i+i^ = r*^+^+^ Wk,i + r'=+^+^ Wk,i+i modulo F x^i 
Similarly, we have: 

r'+' ly^{w^,l) = r'+'wi+i,i (75) 
r'+^+^ Vi{wi^i,i) = r'+*+^ Wi^i - mr'+^+^ Wi+i,i modulo Fx^, (76) 

so that: 

(r^^' Wi^i + r'+^+^ Wi+i,i^ = r'+'+^ Wi^i + r'+'+^ Wi+i,i modulo F Xa^ 
This ends the proof of Theorem 4. 

8.3 The cases / — and I — — 



In this section we show a necessary and sufficient condition on I and r so 
that there exists an irreducible (n— l)-dimensional invariant subspace of the 
F-vector space V, under the condition that the Iwahori-Hecke algebra of 
the symmetric group Sym{n) with parameter over the field F is semisim- 
ple. This last condition is equivalent to (r^)'^ 7^ 1 for all A; = 1, . . . , n. 
Explicitly we have the two theorems: 
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Theorem 5. 



Let nbe a positive integer with n > 3 and n / 4. Let's assume that the Iwahori- 
Hecke agebra of the symmetric group Sym{n) with parameter P over the field F 
is semisimple. Then, there exists an irreducible {n—l)-dimensional invariant sub- 
space ofV if and only if I = or I = —p^. 

If so, it is spanned by the v/s, 1 < i < n — 1, where Vi is defined by the for- 
mula: 

11 1 1 

k=i+2 s=l 
= 1 



with 



e 1 = -1 



Theorem 6. (Case n = 4j 

Let's assume that the Iwahori-Hecke algebra of the symmetric group sym{4:) with 
parameter over the field F is semisimple. Then: 

there exists an irreducible 3-dimensional invariant subspace of V if and only if 
If I G {— I, I}, it is spanned by the vectors: 

Vl = - j)wi2 + 0^13-^^^^23) + r {wu - I ^24:) 



V2 = 
V3 = 



(7 - t)''^23 + (1^24-^1^34) + eir{wi2-]:Wi3) 
(f - j)w^34 + (■^13 - i Wu) + e;(w23 " \ W2a) 



where 



ei = i 

r 

e 1 = -1 



\ J. 

Ifl = —r^, it is spanned by the vectors: 

Vl = r W23 + 1^13 + (f + ^) W34: - W2A - f ■W14 

V2 = -r W12 - 1013 - \ 1JJ34 - ^ W2A + {r -\-\) ■u;i4 

vz = (r + ^) W12 + \ W23 - wi3 + W24: - r wu 

Joint proof of the Theorems: 

We first recall that if ^ is a proper invariant subspace of V, it must be an- 
nihilated by all the algebra elements Xij's. In particular it is annihilated 
by all the e/s. Thus, the action of the BMW algebra B{An-i) on the F- 
vector space W is an Iwahori-Hecke algebra action. Further, forn > 4 and 
n 6, there are exactly two inequivalent irreducible (n-l)-dimensional rep- 
resentations of the Iwahori-Hecke algebra of the symmetric group Sym{n) 
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with parameter over the field F and they are respectively given by the 
matrices: 



Ml = 



-1/r 1/r 
r 



, M2 = 



r —1/r 1/r 
r 



r 
r 



-1/r 1/r 
r 



, . . . , M, 



n-2 



-1/r 



M, 



n-1 



r —1/r 



and for the conjugate representation 



r —r 
-1/r 



-1/r 



-1/r 



No 



-1/r 

-1/r r — r 
-1/r 



-1/r 



-1/r 



-1/r 
-1/r r 



—r 
-1/r 



-1/r 



-1/r 
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Nn-2 = 



-1/r 



-1/r 



-1/r 
-1/r 



— r 
-1/r 



■1/r 



-1/r 



-1/r 
— 1/r r 



where all the matrices are square matrices of size n— 1 and where the blanks 
are filled with zeros. Note that those two representations are equivalent for 
n = 3. We now show that the latter representation cannot occur inside V 
when n > 5. Indeed, suppose that there exists U an irreducible (n — 1)- 
dimensional invariant subspace of V. Let (vi, . . . , f„-i) be a basis of in 
which the matrices of the left actions of the gi's are the Ni's. We have the 
relations (when the indices make sense): 



(V) 



yi+i{vi) = 

Vi-liVi) = 



-1/^ Vi, 

r Vi 

-l/r{vi + Vi+i) 
-1/r Vi-r Vi-i 



for t ^ {i - 1, i, i + 1} 



Lemma 5. It is impossible to have such a set of relations. 

Throughout the proof of the lemma and the theorems, we will make an 
extensive use of the following equalities. We have for any node q: 



\/k>q + 2, Vq{Wqj^i^k) = Wq^k- fnWq+i^k Vnodvlo F W 

Vs<g-1, Vq{ws,qJri) = Ws,q- mWs,q+i moduloFa:;^^ {-k*) 

We claim that (*) (resp is the only way to get a term in Wq^k for a given 
k > q + 2 (resp Ws,q for a given s < q — I) when acting by Vq. Indeed, an 
action by Ug results in a linear combination of the following operations: 

(i) create a root aq 

(ii) add or subtract a root aq to an existing positive root 

{iii) leave an element of V unchanged 

in the way described in the defining representation. With this remark, we 
see that Wq ^ (resp Ws_q) can only be obtained from Wq^i^k or Wq^k itself (resp 

from Ws,q+1 or Ws,q itself). Since VqiWq^k) = Wq+l,k (resp Vq{Ws,q) = Ws,q+l), 

Wq^k (resp Ws,q) can only be obtained from Wq+i^k (resp from Ws,q+i). Hence, 



54 



if i'q{vi) = Xvi with A G {r, — 1/r} and the Hs/s are the respective coeffi- 
cients of the Ws,t's in Vi, the relations (★) and respectively imply that: 

yk>q + 2, Hq+i,k = ><IJ-q,k (77) 

Vs < g - 1, = XlJ.s,q (78) 

We will make an extensive use of these equalities. It will also be useful to 
note that for any node q e {1, . . . , n — 1}, we have: 

yk>q + 2, Ug{wg^k) = Wq+i^k 

Vs < g - 1, Vq{Ws,q) = Ws,q+1 

as it has already been mentioned above. Finally, we will let the endomor- 
phisms of V over F act on the right on V by 

Consider the first vector of the basis vi and recall that n > 4. The relation 
vi. Vn-i = —jVi implies that in vi there are no terms in Wg^t for integers 
s, t G {1, . . . , n — 2} such that s <t. Hence we may write: 

n-2 n-1 

(79) 

3=1 i=i 

We now use the relation vl.U'^ = —-viio get rid of more terms in this sum. 
Indeed, this relation implies that there are no terms in Wj^k for j > 5 in t^i . 
Furthermore, the relations: 

W2,n-1 ■ ^1 = Wl,n-1 + mr""^ Wi'2. - m W2,n-1 
W2,n- V\ = Wi^n + mr'^~^ Wi2 - mW2,n 

imply in turn that: 

i.e ^ 

Ai2,n = --/^2,n-l (80) 

as there is no term in wi2 in vi by the first point. Finally, an application of 
(77) with q = 1 and A = r also yields the relations between the coefficients: 

/^2,n-l = rm^n-l (81) 
M2,n = rm^n (82) 

We gather all these results to get, up to a multiplication by a scalar: 

1 

^^1 = Wi^n-l + r W2,n-1 - - Wi^n " W2,n 

+ M3,n-1 W3^n-1 + /^4,n-l ^«4,n-l + /"3,n 1«3,n + /^4,n ^i^4,n (83) 

or 

^^1 = l^3,n-l 'W3,n-1 + I^A,n-l WA,n-l + l^3,n W3,n + l^4,n WAn (84) 
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1. Suppose first that n > 5 

Then vl. 1^3 = —^ vi implies that ^2,n = 0. Then the expression for vi 
is given by (84). We will deal with the case n = 5 separately. Hence, 
assume first n > 5. 

(a) n > 5 

We keep looking at the action of 1/3. By (77) applied with A = — ^ 
and g = 3, we have: 

M4,n = -- fJ'3,n (85) 
Ai4,n-1 = — - /^3,n-l (86) 

Furthermore, by the set of equalities: 

W4^n-l- t^S = W3,n-1 + mr"^~^ W34 - m W4,„_i 
■W4:,n- ^3 = W3,n + mr""^ W34 - 171 U;4,„ 

we get by the same computation as in (80) that: 

/^4,n = -- l^4,n-l (87) 

as there is no term in ^34 in vi (recall that n > 5). Next, we 
have W3^n- = r „ and an action of z^4 on the other terms of 
Vl never makes any term in u>3,„ appear. Hence, vl.v^ = —^vi 
forces /xa^n = 0. Then by (85), (87) and (86), all the coefficients of 
Vl are zero. In other words vi = 0, which is impossible as vi is a 
basis vector. 

(b) The case n = 5 
In this case, there are only three terms in vi: 

Vl = Il3i W3A + + M45'i«45 

Let's act by V3. We have: 

W3A.V3 = yW34 (88) 

Wib- 1^3 = W3^ + mw3i - mw45 (89) 
from which we derive by looking at the term in ^734: 



/X34 = -m 1145 

r/ 
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Moreover, by an equality of type (77) with g = 3 and A = — 
we get: 

1 

M45 = M35 

r 

At this point, we need to distinguish between two cases: 

i. If Z = — r, we get by the two previous equalities: 1U45 = /X35 = 
0. Then, vi = fi^4 ^1)34 and ^^34 / 0. Then we must have 
vi.i^4 = iJ,M W35 = /X34 ■W34 i-e = -i u;34, which is a 
contradiction. 

ii. If I ^ —r, we get /X34 = — ttt /^45' that is proportional 
to 

1 ml 

W35 W45 + — — m;34 

r I + r 

We now check that this expression for vi is compatible with 
vi-VA = —^vi for a certain value of I. We have: 

1/745.1/4 = ju;45 

'U;34-Z^4 = W35 

By looking at the coefficient of the term in 1^45 \nv1.u4 = 
— 7 vi, we must have: 

^ = y - ^ f.e Z = — r^. We note that — 7^ — r as we 
have assumed that the parameter m is nonzero. Looking at 
the coefficients of the terms in 1^34 and ^735 in 1^4 = —^vi 
yields in turn: 

ml 

—r = 

l + r 

With I = —r^, this equality holds. We replace I by —r^ in the 
expression giving vi to get: 

vi = W35-- W45 - r W34 (90) 
r 

Next, we must have f i - ^2 = — ^ (wi + ^2) and we have: 

W35-'^2 = W25 + mrw23 — mW35 (91) 
W45.i^2 = rwi5 (92) 
- ^2 = ^^^24 + rnw23 — mws4 (93) 

We need to investigate the coefficients for V2. The equality 
f2. z^4 = — f f2 forces the coefficients of the Wij's to be zero 
for 1 < z < j < 3. Hence we may write: 

V2 = Ai4 Wi4 + A24 W24 + A34 lt'34 + 

Al5 Wl5 + A25 lt^25 + A35 W35 + A45 W45 (94) 
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Moreover, since V2.V2 = rv2, we have by (77) applied with 
A = r and q = 2: 

A34 = r A24 
A35 = r A25 

and with the equalities (91) and (93) and the fact that there 
are no terms in ^23 in vi and V2, we also deduce that: 

A35 = — A34 

r 

Furthermore, since there must be a term in W25 in w 2, none of 
these coefficients is zero. Finally, by the equalities (91), (92), 
(93), the expression for vi in (90) and the fact that vi.1^2 = 
— 7 (^'i + V2), we have: A14 = A15 = 0. Thus, V2 must be 
proportional to the vector 

W24. + r u;34 -W35-- W25 + A45 W45 
r 

Next, if f 1 is given by (90), by looking at the coefficient of 
W25 in t^i . 1^2 = — f ('I'l + V2), the vector V2 must be given by: 

V2 = W24 + — r^wzb — r W25 + A45 ^745 

From there, the contradiction comes from the relation V2.i^i = 
~- V2 — r iJi, as for instance the coefficient of ti;34 in V2- vi is 
r*^ while the coefficient of W34 in —-V2 — rvi is zero. We 
conclude that when n = 5 it is also impossible to have an 
irreducible 4- dimensional invariant subspace of V given by 
the matrices TV/s. It remains to study the case n = 4. 

2. The case n = 4. 

By the expressions given in (83) and (84), we know that vi is pro- 
portional to ^13 + r W23 — ^ wu — W24 + A*34W34 or to UI34. Assume first 
that vi is a multiple of u;34. The relation vi.vs = —^vi forces I = —r. 
Suppose I = —r and without loss of generality vi = W34. We must 
have vi.v'2 = {vi + V2), i.e 

W2A + m W23 - m wu = -- W34 --V2 (95) 

r r 

A general form for V2 is: 

V2 = A12 W12 + Ai3 Wis + Ai4 Wl4 + A23 1^23 + A24 W24 + A34 ■u;34 (96) 
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By (95), we have A12 = A13 = A14 = 0. Next, by (77) applied with 
q = 2 and \ = r, we get A34 = r A24. Also, from 

wu- V2 = 'W24 + m W23 - m wu 
1 

W23-l^2 = W23 

r 

we deduce that ^ 

A23 = f A34 

Thus, the last three coefficients in V2 are nonzero and V2 is propor- 
tional to the vector 

mr 

W24 + r wu H r W23 , 

and in fact (95) forces 

(mr \ 
^24 + r W34 + -j W23 
J 

to match the terms in tt;24 and W34. Now the contradiction comes from 
the term in W23: we must have: 

mr . 1 
m = T- i.e - = 0, 

r + L r 

which is impossible. 

Thus, we must have vi = wi^ + r W23 — ^ wu — W24 + At34iU34- 
We have the set of equations: 

(97) 

(98) 

(99) 
(100) 
(101) 

By looking at the coefficient of W12 in the relation vl.1'2 = —\.vi — ^V2, 
we get by using the equation (97) and the expression for vi above: 

1 = I.e. A12 = —r 

r 

Consequently, 

Ai3 = rAi2 = -r^ 



u;i3. 


1^2 


= W12 + — W23 
= JW23 


— mwi3 


Ii'23- 


1^2 




W14. 


V2 


= r wi4 




W24- 


V2 


= W34 




W34. 


V2 


= W24 + rn W23 


— mW34 
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by the relation V2. f2 = rv2 and (78). By looking at the coefficient of 
1^14 in the relation vl.1'2 = —^vi — ^V2 and by using (99) and the 
expression for vi, we get: 



Al4 1 . , 1 
h I.e. Ai4 = r + - 

1^ IjrtZi 



Similarly, by studying the coefficient of W2i in the same relation, we 
get: 

1 A24 

M34 = 

r r 

Next, we use the relation V2.yi = —\v2 — rvi together with the set of 
equations: 

1 



Wi2- 


1^1 


= -W,2 




W23. 


1^1 


= Wi3+mWi2- 


■ mW23 


W13. 


1^1 


= W23 




W34. 


Z^l 


= rW34^ 




W2A. 


Z^l 


= wi4 + mr W12 


— mw2i 




1^1 


= W2A 





By looking at the coefficient in W13, we get with A13 = — (in V2) and 
/xi3 = 1 (in vi): 

\23 = r - r = 
Also, by looking at the coefficient in wu, we get 

A24 = 1 — 

r 

And since A14 = r + ^ from above, we actually get: 

A24 = 

Then we also have ^ 

A34 = 1^ A24 = — 
r 

by t;2. i^2 = r V2 and (77). From the expression for A24, it also follows 
that 

1 1 

M34 = - + 

To finish, we look at the coefficient of W12 in U2. z^i = —^V2 — rvi. By 
using the second set of equations with the adequate coefficients A12, 
A23 and A24 for V2, we immediately get: 

—r m ^ 
I r 

60 



We conclude that n = 4 is the only case for which it is possible to 
have an irreducible representation of degree n — 1 inside V that is 
equivalent to the matrix representation defined by the matrices N/s. 
Moreover, we showed in that case that / must take the value — r^. 
Furthermore, we have seen along the proof that such a 3-dimensional 
invariant subspace must be sparm^ed over F by the vectors: 

1 /I 1 N 

Vl = Wis + r W23 Wi4 — W24 + ( - + -^1^34 

2 1 1 / 1\ 

V2 = —rwi2 — r wi3 wu o W24 + (r + - jwu 

and a third linearly independent vector V3 such that: 

V3-V3 = rV3 
V3-V2 = -]:V3-rV2 
V2.V3 = -1{V2+V3) 

Only two of the above relations will be useful to force the value for the 
coefficients of V3 in the basis of V. More precisely, we use the action 
by 53 as in the first and third relations, together with the following 
defining equations (where we took care to replace I by its specializa- 
tion): 



WY2,- 


1^3 


= rwi2 


W23- 


V3 


= W24 


Wl3 


1^3 


= Wi4 






1 


W34. 


V3 








m 


W24- 


V3 


= W23- ^ 






m 


Wi4 


^3 


= W13- — 



r' 



Let's write a general form for ^3: 

■1^3 := 712 U>12 + 723 W23 + 713 Wi3 + 734 W34 + 724 ^24 + 7l4 ^14 

By looking at the coefficient of W23 in the third relation, we get 
A24 = — f 723/ from which we derive 723 = f by replacing A24 by its 
value. Similarly by looking at the coefficient of wu, still using the 
third relation, we see that: 

1 . 11. 

Ai4 = r 713 i.e r + - = r 713 t.e 713 = -1 
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Since by the first relation and (78) we have 



{ 



714 = r 713 

724 = r 723 



we derive that 714 = — r on one hand and 724 = 1 on the other hand. 
It remains to find the coefficients 712 and 734. Still by the last relation 
and by looking this time at the coefficient in wu, we get: 



Finally, using the third relation for the last time and looking at the 
coefficient in W34 yields: 



Thus, if there exists an irreducible 3-dimensional invariant subspace 
of V whose matrix representation is equivalent to the one defined by 
the matrices N/s, then it is spanned by the vectors vi,V2,V3 as we 
defined them above and I must take the value — r^. 

Conversely, we show that for the value — of I, the vectors 

{Vi = rW23 + Wi3+ (1 + ^) W3i -W24- I Wu 

V2 = -r Wi2 - Wi3 - J. W734 - -^W2A+ {r+ 7) wu 
V3 = (r + r^) wi2 + 7 W23 - wi3 +W2A-r wu 

form a free family of vectors that satisfy to the relations ( y)- This will 
prove that Span^(t!i, ^2, U3) is an irreducible 3-dimensional invariant 
subspace of V. For the freedom of the family of vectors, we note that 

in vi (resp V2, resp ^3) there is no term in w\2 (resp 'u;23, resp 'u;34). 
Then, if Ai, A2 and A3 are scalar s such that: 




r 



Replacing A12 by the value — r yields: 

112 = r + 



which leads to 734 = 0. 

When gathering all the coefficients for V3, we obtain: 

V3 = {r + r ) W12 + - W23 — wi3 + W24 — r wu 




Xivi + A2'U2 + A3'y3 = 0, 



they must be related by: 



' A2 
< A2 
[ A3 



= (l + r2)A3 
= (l + ;^)Ai 
= -r^Ai 
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where we used the freedom of the Wi/s. These equations imply that: 

{1 + r'^ + + r'^)Xi = 

Since 7^ 1 and (r^)"' / 1, we get Ai = 0. It follows that Ai = A2 = 
A3 = 0. Hence the family {vi,V2,V3) is free. It remains to show that 
the relations (y) are satisfied on the vectors vi, V2, v^. This is an easy 
verification that is left to the reader. 



Let's go back to the proof of the theorems and suppose that there is an irre- 
ducible (n—1) -dimensional invariant subspaceZY of V. Whenn = 4, assume 
that I 7^ — r^. By the preceding work, there exists a basis {vi, . . . , Vn-i) of 
U in which the matrices of the left actions of the y/s are the matrices M/s 
and we have the relations, when the indices make sense: 



(A) 



i^tivi) = rvi, fort^{i-l,i,i + l} 

'^i{Vi) = Vi 

i^i+i{vi) = r{vi + Vi+i) 

Vi-iivi) = rvi + ]:Vi-i 



We will show that these relations force the values or —-^ for 1. 
First of all, the relation Vi.Ui = —^Vi implies that in Vi there is no term in 
Ws,t for 





t<i-l 


(a) 


or 


s>i + 2 


(b) 




( s<i-l 


(c) 
id) 


or 


\ t>i+2 



since those terms are all multiplied by r when acting by Ui and they cannot 
be obtained from other Wk^q's with an action by Vi by points (i), [ii) and 
{in) above. By (6), either s<i — lors = zors = i + l. In the first case, by 
(d), the integer t must be less or equal to i + 1. By (a) the only possibilities 
for t are t = ioxt = i + l. When s = i, we may have t > i + 1 and when 
s = i + we may have t > i + 2. Thus, the possible values for s and t for 
Ws,t in Vi are: 

s <i — 1 and t e {i, i + 1} 
or 

s = i and no restriction ont (t >i + l) 
or 

s = i + 1 and no restriction ont {t>i + 2) 
Thus, a general form for Vi must be: 
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fe=i+2 fc=i+2 



(102) 



+ + X] 



Next, from Vi.Ui = Vi, we have by (78) applied with q = i and A = — ^ 
on one hand and (77) applied with q = i and A = — ^ on the other hand: 

f l^s,i+i = -f Ms,i> Vs < z - 1 

Further, to get more relations between the coefficients, we use the relations 

Vi. Vq = rvi for g {i - 1, i, z + 1} 
By (77) applied with each q ^ {i — 1, i, and A = r, we get: 

V/c > g + 2, ^iq+i^k = r p.q^k (103) 
and by (78) also applied with each q ^ {i — 1, i, i + 1} and A = r, we get: 

Vs < ^ - 1, = (104) 

Let's apply (103) with q = s < i — 2 and fc G {i, i + 1} (i > s + 2) on one 
hand and (104) with q = k>i + 2 and s G {z, i + 1} (z + 1 < A; - 1) on the 
other hand (where we used the same notations as in the sums of (102)) to 
get: 

V 1 < s < i - 2, I " ""^"'^ on one hand 

[ ^^s+l,^+l = rfJ,s,i+l 



yi + 2<k<n-l, { ^''^ on the other hand 



The formula (102) can now be rewritten as: 



■ • 1 

Vi = i/ Wi^i+i + r^~''^'^{wi^k Wi+i,k) 

k=i+2 

i-1 



+ ^ AV' ^{Ws,i --Ws,i+l] 
s=l 
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We will show that the (5* 's for z = 1, . . . , n — 2 can be set to the value one. 
First, we notice that if ui, . . . , Vn-i are vectors satisfying to the relations 
(A), then the vectors Svi, . . . , 5vn-i also satisfy to the relations (A) for 
any nonzero scalar 6. Thus, without loss of generality, we may write: 



n ^ 
Vi = fj} Wi2 + ^ r^~^{wi^k W2,k) 



k=3 

where we set = I. Next, we notice on the expression above that an action 
of 1^2 on vi never makes a term in W2i appear. From there, it suffices to look 
at the coefficient of 1^24 in the relation 

vi.i'2 = rvi + r V2 

to get: 



— r + r (5^ 



I.e. 



Let's proceed by induction and suppose that 5* = 1 for a given i with 2 < 
i < n — 3. We notice that 5^'^^ is the coefficient of in Vj+i. Since an 

action of t'j+i on Vi never makes a term in toj+i^j+s appear, by looking at the 
coefficient of in the relation Vi+i Vi = rvi + r Vi+i, we get: 

i.e. 

5^+1 = 1 

Thus, we have shown that all the 5'^ 's, for 1 < i < r? — 2, can be set to the 
value one. Hence the formula giving the u/s can be rewritten as follows: 



1/ Wi^i+i + ^ r''~'~^{wi^k - - Wi+i,k) 

(105) 

■ 1 

+ ^ A* r''-'^iws,i - - Ws,i+i) 



s=l 



where the only two unknown coefficients are A' and It remains to find 
the coefficients A* and ii\ By looking at the coefficient of the term Wi^i+i in 
the relation Vi. fj+i = r{vi + ■Uj+i), we get the equations: 



V 1< i < n - 2, 



rfi' + r' = 1 (106) 



Next, by looking at the coefficient of the same term Wi^i+i in the relation 
Vi.Vi-i = rvi + ^ Vi-i for i>2, we get the equations: 

V 2 < i < - 1, -mn' -\' r''^ = r /i' - ^ 
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which can be rewritten after multiplication by a factor r^: 

V2 < i < n - 1, 



r fj, + r 



i-i = 1 



(107) 



Subtracting equalities (106) and (107) yields: 

V 2 < i < n - 2, = - V 



(108) 



Next, we write equality (106) with i = 1 and equality (107) with i = 2: 



r fi^ + r X'^ 
r + r 



from which we derive: 



(109) 



(110) 



Further, by (107), we have: 

V2<z<n-2, r + r' A'+^ = 1 
And by using (108) we get: 

V2<i<ra-2, r + r'-^ X' = 1 
Now by (107) and (111), it comes: 



V 2 < i < n - 2, // 



i+l 



Gathering (110) and (112), we get: 

A*l = fJ'2 



(111) 



(112) 



(113) 



Thus, the coefficient /x* of the term it)i,i+i in the expression giving Vi does 

not depend on the integer i. We will denote it by ix. 

By (108), all the A* 's are determined by in the following way: 



V2<i<n-1, A* = A' 



i-2 



(114) 



By (109), we have X? = ^ — fi. Thus, by determining the coefficient pi, we 
will get a complete expression for all the vectors Vi's. Recall that ji is the 
coefficient of 'u;i,i+i in Vi. We look at the coefficient of mvi.Ui = ~Vi. 
We have: 



V/c > z + 2, 

V s < i — 1, 



m,i+i 



mr 
m 



k-i-2 



Ir 



i—s—l 



66 



Hence we get the equation: 

n i—1 
k=i+2 s=l 

i.e 

Let's write down (★)2 and (*)3: 

where has been replaced by Let's subtract these two equalities: 

We multiply this last equality by ^ and then divide it by ^ — ;p (licit as 
m / 0) to get: 

We recall that fi = ^ — Hence we get a relation binding /x and I as 
follows: 

f^=--l (r2)"-3 
r 

Next, by looking at the coefficient of wi2 in t^i . z^i = — ^ vi, we get: 

as vi is only composed of one term and one sum as below: 

" _ 1 
vi = fj,wi2 + '^ r^~^{wi^k W2,k) 

k=3 

Replacing fx by its value in equality (115) yields: P = ^^^y„_3 . Hence there 
are two possible values for I: 

Either I = and A* = ^ - r-"-^ and = r""^ 

Or I = and ^i = ^ + r-"-^ and A^ = -r"-^ 

In both cases, we have n = ^ — j.ln the first case, we get A* = r"~'~^ and in 
the second case, we get A' = — r"~*~^, where we used the expression given 
in (114). 
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At this point we have proven that if there exists an irreducible {n — 1)- 

dimensional invariant subspace U of V, then I must take the values or 
--^k^- Conversely, given / G we show that the vectors u/s, 

1 < i < n — 1, defined by: 

11 " 1 1 



Ws,i+l) 



k=i+2 



s=l 



(116) 



where < 



e 1 



e 1 = -1 



form a free family of vectors and satisfy to the relations (when the indices 
make sense): 



Vi. Vt 



r Vi 



for t ^ {i — 1, i, i + 1} 



Vi.Vi+i = r{vi + Vi+i) 
Vi.Vi-i = rvi + lvi^i 



Let's compute ■Uj. vt for t < i — 1. All the terms in (116) are multiplied 
by a factor r when acting by ut, except possibly: 



ei r 



.n-i-2+t 



n-i-2+t+l 



{Wt,i Wt,i+l] 



{wt+i,i - - Wt+l,i+l) 



(117) 



By definition of vt, we have: 



Wt,i.Vt 
Wt,i+l.Vt 
Wt+l^i.Vt 



Wt+l,i 
Wt+l,i+l 

wt,i + mr''~^~'^ wt,t+i - 
wu+i +mr'~^~^wt,t+i 



mwt+i,i 
-mwt+i,i+i 



(118) 
(119) 
(120) 
(121) 



When we act by i^t on Vi, all the terms Wg/s composing Vi are multiplied 
by r except the four mentioned above. Hence we read on the expressions 
(118), (119), (120) and (121) that wt^i is obtained from and only from wt+i^i- 
And similarly, u;t,i+i is obtained from and only from wt+i,i+i. Now we 
read on (117) and (120) that the coefficient of wt^i is multiplied by r when 
acting by ut on Vi. Similarly, by (117) and (121), the coefficient of wt,i+i 
is multiplied by r when acting by vt on Vi. Similarly, we read on (117), 
(118) and (120) that after acting by vt on Vi, the coefficient of wt+i,i is 



ei r 



n—i—2+t I 



1 — mr), i.e ei r 



n—i+t 



r X eir'^ * 2+t+i_ ^^^^^ ^^^^ (117), 
(119) and (121) that the coefficient of wt+i,i+i is — ^ j.n-t-2+t^i _ ^^^^ ^ g 
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.^i j.n—i+t 



r X eir'" * 2+t+i ^ _ 1^ ^Ve conclude that all the terms com- 
posing Vi are multiplied by a factor r when we act by vt on Vi. And we note 
that the terms in wt^t+i appearing in (120) and (121) cancel each other with 
the adequate coefficients 1 and — ^ of wt+i,i and wt+i,i+i. Thus, we have 
shown that: 

M t < i — 2, Vi- Vf =rvi 

Similarly, given t > i + 2, all the terms in (116) are multiplied by a factor r 
when acting by vt> except possibly: 



J-i-li 



(122) 



-Wi+l,t+l) 



iwi,t+i 

We compute the action of vt on the four terms Wi^t, Wi^t+i and Wi+i^t+i '■ 

(123) 
(124) 

(125) 



Wi,t+1 
Wi+l,t+l 



m 



I r 



m 



Wi+i,t+i- i^t = Wi+i,t + '^t,t+i - 



(126) 



We read on the equalities (123) — (126) that when acting by ut, the term 
Wi^t (resp Wi^t+i) can be obtained from and only from the term Wi^t+i (resp 
Wi+i^t+i)- By (122) and (125), the coefficient of Wi^t is multiplied by a factor 
r when acting by vt on Vi and by (122) and (126), the one of li^i+i,* is also 
multiplied by a factor r. Like above, we read on (122), (123) and (125) that 
the coefficient of Wi^t+i is multiplied by r when acting by ut on Vi and we 
read on (122), (124) and (126) that the coefficient of Wi+i^t+i is also multi- 
plied by a factor r. Thus, all the terms Ws/s in (116) are in fact multiplied 
by r and we have: 

yt>i + 2,Vi.i't=rvi 

We now show that Vi.Ui = —-Vi. 

We have for all A; > i + 2 and all s < i — 1: 

1 





= 




n = 




n = 


Ws,i 


Vi = 


, Ws,i+1 


n = 



J Wi,i+l 



+ 



Wi+l,k 

Ws,i+1 



We read on the equations above that the coefficient of u>i,i+i after an action 
by Vi on Vi is: 



-. n i—1 



fc=i+2 



s=\ 
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I.e. 



(r I 



where we used the relation = -• Next, we note that: 

1— H r ' 
1^ ^n— 3 ' j,n— 3 J ' I 

Hence, the term in the bracket is nothing else but 



1 - r 



2n-4 



= (l-r"-2)(l + r 



Then, "distributing" the coefficient ^ inside these two factors yields the 
product (i - f ) (H f) • Since q G {-1, 1}, this product is (i -]){} + ])■ 
Thus, the coefficient of after an action by Vi on Vi is: 



( 



l) I 











V r 





So the coefficient of Wi^iJ^i after an action by Vi on is multiplied by a factor 
— i Let's look at the other terms. For each i + 2 < k < n, the coefficient of 



the term in tfj+i fc is given by r 



k-i-2i 



1 + ^1 



„k—i-4 



, hence is multiplied 



by — Similarly, for each 1 < s < i — 1, the coefficient of ^«s,«+i is, after 



an action by z/j, e^r" ' + 



.n—i+s—4: 



, hence is multiplied by 



Moreover, it can be read directly on the expression (116) and the third 
(resp the fifth) equation above that the coefficient of ^ (resp Ws,i) gets 
multiplied by a factor — ^. Thus, we have: 



Vi.Vi 



1 

--Vi 
r 



Let's now compute Vi. f^+i. When acting by fj+i, most of the terms Wg/s 
in (116) are multiplied by r, with the exception of: 

• Wi^i^2, '"^1+1,1+2 and Wi+i^k for i + 3 < A; < n, in the first sum 

• Ws,i+i for 1 < s < i — 1, in the second sum 
We compute the action of i^i+i on these terms: 

Wi,i+2 



Wi,i+2 - T^i+l 
Wi+l,i+2- H+l 



m 



Wi+l,i+2 



= w. 



'i+2,k 



{i + S<k<n) 
(1 < s < i - 1) 



(127) 

(128) 

(129) 
(130) 

(131) 
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From there. 



the coefficient of t^i^j+i in Vi. t'j+i is 1, 
the coefficient of Wi^i+i in is ^ — j, 
the coefficient of Wi^i+i in Vi+i is ei r"~^ = ^ = j 

the coefficient of in Vi - ^i+i is r — j, 

the coefficient of u>i,i+2 in is 1, 
the coefficient of u;i,i+2 in ^'i+i is — ^ 

the coefficient of u)i+,i_(_2 in Vi. fj+i is y — ^ 
the coefficient of 1,^+2 in is — 
the coefficient of u;i+i,i+2 in Vj+i is ^ — j 

From now on we do not need to worry about these terms anymore. We 
study the action of i^^+i on the first sum of vi for indices k such that z + 3 < 
A; < n. By the equation (130), an action by i/j+i on Vi makes a term in Wi^2,k 

k—i—2 

appear with coefficient the one of ^^;^+l,fe in Vi, that is — • Hence, we 
get a term: 

" 1 
r ^ ir^~'~^ 'Wi+i,k Wi+2,k), 

k=i+3 

where we need to add 

n 

k=i+3 

The first expression is the first sum in Vi+i, multiplied by a factor r. The 
latter expression is a part of the first sum in r Vi with indices k greater than 
i + 3. Since all the terms Wi^k's for i + 3 < fc < n are multiplied by r when 
acting by z^i+i, we get a sum: 

k=i+3 

Next, we study the action of fj+i on the second sum of Uj. Acting by 
Vi+i makes a term in ■Ws,i+2 appear by equation (131), with a coefficient 
— e; r^l^_^ll_ Hence we get a sum: 

i-i 

rei r''-'-^+%Ws,i+i - - Ws,i+2) (132) 

s=l 

where we need to add 

i-l 

^ \ ^ „n— i— 2+s 
s=l 




>r-} = r-rx ^ 
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This latter expression is a part of the second sum inrvi. And since all the 
terms Ws/s, for 1 < s < i - 1 get multiplied by r when acting by i^i+i, we 
actually get the whole second sum 



^-1 _ _ I 



s=l 

oirvi. 

The sum (132) is the second sum in r Vj+i, minus the term 

r 1 

y {'Wi,i+i - -Wi,i+2), 

which corresponds to s = i. Since those terms in Wi^i+i and u;i,i+2 have 
already been processed above, we may now conclude that: 

Vi.Vi+i = r{vi + Vi+i) 

Let 2<i<n— 1. It remains to show that 

1 

Vi.Ui^i = rvi + -Vi-i 
r 

When we act by Vi-i on Vi, all the terms Ws,t in (116) get multiplied by r, 
except 

• Wi^kt each i + 2 < k < n,va the first sum 

• Wi-i^i, Ws,i for 1 < s < i — 2 and Wi-i^i+i in the second sum 
Let's compute the action of Vi-i on these terms. 

Wi^i+i .Ui-i = Wi-i^i+x + m Wi-i^i - m Wi^i+i (133) 

V A; > z + 2, Wi^k- t^i-i = Wi-i^k + m r^~^~^ u^i-i.i - m Wi^k (134) 



Wi-i^i.Ui^i = -jWi-i^i (135) 

TTl 

V s < i - 2, Ws,i. Vi-i = Ws,i-i + j^^i_s_2 - m Ws,i (136) 

Wi-i^i+i.Ui_i = Wi^i+i (137) 

We see with the equations (133) and (137) that the coefficient of in 

Vi.-Ui-i is: 

1 1\ 3 



<r I J r 
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We recall from before that: 



„n-3 



Thus, 



ei.r 



n-3 _ ''I 



e? 1 



We will use this equality extensively. Therefore, the coefficient of in 
Vi- Vi-i is in fact: 



r__l_ 
I r2 



We now compute the coefficient of in Vi. Vi-i. There are several con- 
tributions coming from four different sources: 



1 _ 1 

r I 



* the term Wi^i+i with coefficient m ( 

* the terms Wi^s for i + 2 < k < n with coefficient 



k=i+2 



mr 



-2i-3 



„2\k 



mr 



k=i+2 

,+4l-(r2)"--i 



l-r2 



1 — r 



2n-2i-2 



* the term Wj-i i with coefficient ^ 

* the terms w^/s for 1 < s < i — 2 with coefficient 



i-2 



m 



s=l 



lj.i—s—2 



^2n- 










-2v (1 - (r2y-2) 




-2i- 


-2 _ 


^2n- 


-2i- 


-2 1 









The sum of all these contributions is: 



^ /I 1\ 1 r 1 1/1 1\ r 
Vr Z/ Z rZ r Vr Z/ I 
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Now we have: 

_ _ 



the coefficient of in vi. Vi-i is 1 ^ 



the coefficient of in is (i - j) , > 1 - f " F = " t) + K " 

the coefficient of in Vi-i is — ^ J 

the coefficient of in Wj. is i - + J, 1 

the coefficient of Wi-i^i in f j is j, ) T\r ~ 1) ^ 1 ^ '''■1 ^ r\T ~ 1) 

the coefficient of Wi-i^i in Vi-\ is ^ — j J 



the coefficient of in Vi-\. i/j-i is ^ — j, 

the coefficient of in is — 

the coefficient of u'i-i^j+i in Vi-i is 1 



From now on, we do not worry about the terms in wi^i+i, and 
anymore. We look at the equations (134) and (136). By (134), the term ^ 
gets multiplied by r — Since Vi-i = r Wi+i^k, we get the whole first 

sum for Vi, multiplied by a factor r and a term 



k=i+2 

which is part of the global sum: 



7 E '^^.fc' 



1 " 1 

fc=i+2 

of i f where the terms in uij-i^i+i and tfj^j+i, corresponding tok = i + l, 
have been omitted. These terms were already processed above. But the 
action of on vi also makes a term in tfj-i^fc appear (still by (134)), with 
coefficient r'^"*"^. Thus we get the whole first sum for Wj-i, multiplied by a 
factor i. Similarly, by (136), the term Ws,i gets multiplied by r — ^ for each 
1 < s < i — 2. And since Ws,i+i gets multiplied by r when acting by f 
we get the whole second sum 



i-2 



s=l 

of r Vi, minus the terms in Wi^i^i and corresponding to the integer 

s = i — 1. Those terms have already been processed above. Next, the part 
— f ^8,1 yields a sum: 

s=l 
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which is a part of the second sum: 




i-2 

E 



,n—i—l+s 



iWs,i-l Ws,i) 



of i Vi-i. Since the action of i^i-i on Vi also makes a term in Ws^i-i appear 
with coefficient the one of Wg i in Vi by (136), that is f r"-^^l+^ we get the 
whole second sum of ^ iij-i. 

All the preceding results lead to conclude that Vi.Ui^i = rvi + j.Vi-i. We 
have now shown that the v/s satisfy to the announced relations. 

Let's show that the family {vi, V2, . . . , fn-i) is free. In what follows, we 
will denote by Tipr'^ (n) the Iwahori-Hecke algebra of the symmetric group 
Sym{n) with parameter over the field F. For large values of the integer 
n, we will make use of a result of James on the dimensions of the irreducible 
representations of the symmetric group Sym{n). For n > 7, James states in 
in that an irreducible K 5ym(n)-module, where K is a field for character- 
istic zero, is either one of the Specht modules S^^"\ 5("-i'i), ^^^.i""') 
or has dimension greater than n — I. Further for n = 5, if d is the degree 
of an irreducible representation of Sym{5) over K, then d G {1,4,5,6}. 
Hence this fact also holds for n = 5. In characteristic zero, when the 
Iwahori-Hecke algebra of the symmetric group Sym{n) is semisimple, the 
degrees of its irreducible representations are the same as the degrees of 
the irreducible representations of the symmetric group (See for instance 
[TOU). Thus, for n = 5 or n > 7, if dim Span^(T;i, . . . , v„_i) = k < n — \, 
then S'p&np{vi, . . . , u„_i) is either one dimensional or must contain a one 
dimensional invariant subspace. Then / = ^^l^-j, by Theorem 4. But we 
have assumed that / G {77^, —:;:k=^}- Hence we get a contradiction since 
j,2n-3 _ gj,n-3 -^^ith 6 G {1, —1} would imply r^" = 1, which is forbidden 
when 7{pr^{n) is semisimple. Similarly for n = 3, if vi and V2 are linearly 
dependent, then the invariant vector space spanned by vi and V2 over the 
field F has dimension one. This forces I = —r^ or Z = by Theorem 4. But 
we have assumed that / G {1, — 1} in this case and the condition of semisim- 
plicity (r^)^ 7^ 1 prevents = 1 or = — 1 from happening. Thus, in the 
case n = 3, the vectors vi and V2 are linearly independent. Let's now deal 
with the case n = 4. We want to show that (fi, f2, fs) is free. By definition, 
we have: 




{l-j)wi2 + (w^i3 - f '"^23) + r{wu-lw2i) 
{^-j)w23 + (■^24 - f -"^34) + r {wu - I Wis) ei 
(7 - j)w34: + (wis - I wii) e/ + r{w23 - f ^^24) ei 



Suppose Ai, A2 and A3 are scalars such that: 



Ai vi + A2 f 2 + A3 = 



(138) 
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Since the Wi/s are linearly independent over F, we derive the set of equa- 
tions: 



Ai - A2 e; + A3 = 
r Ai - - A3 = 



-Ai + A2 - A3 = 



r 



(139) 
(140) 
(141) 




(142) 



(139), (140), (141) and (142) are respectively obtained by equaling to zero 

the respective coefficients of wis, wu, W24 and ws4 in the relation (138). 
Let's first deal with I = -i and ei = -1. By (139) and (141), we have: 



from which we derive A2 = since our base field has characteristic zero. 
Then by (129), we get Ai = A3 and by (140), we get (r + i) A3 = 0. Since 
we have assumed that (r^)^ / 1 by semisimplicity of the Iwahori-Hecke 



Ai — A2 — A3 — 0. 

Suppose now I = ^ and e; = 1. By (140), we have Ai = ^ and by (139) or 
(141), we get: A2 = (1 + ^) A3. Then by (142), we get: 



Since we have assumed that (r^)^ 7^ 1, it is impossible to have (r^)^ = —1. 
It follows that A3 = 0, and by the above relations binding Ai and A3 on 
one hand and A2 and A3 on the other hand, we also get Ai = A2 = 0. This 
achieves the proof of the fact that the family of vectors (vi , f 2 , f 3) is free. 

We are now able to conclude: the vector space Spanp(t;i, . . . , Vn-i) C 
V is (n — 1) -dimensional, is invariant under the action of the g/s and is 
a ,.2(ra)-module since it is a proper nontrivial invariant subspace of V. 
Then by the relations described above, it is also irreducible. 

We note that forn = 6 the sufficient condition on I and r so that there 
exists an irreducible 5-dimensional invariant subspace of V holds in The- 
orem 5, since simple computations of the dimensions of the irreducible 
F S'?/m(6)-modules show that there is no irreducible representation of Hp^r'^ (6) 
of degree d with 1 < d < 5. This forces the family of vectors {vi ,V2,V3,V4,V5) 
to be free by the same argument as in the cases n = 5 and n > 7. However, 
for the whole theorem to be true in the case n = 6, we need to investigate 
further about the irreducible representations of ^^^2(6) of degree 5 corre- 
sponding to the partition (3, 3) and its conjugate partition (2, 2, 2). An idea 
is to reduce somehow to the case n = 5. We will use the branching rule for 
the restriction of the Specht modules of the Iwahori-Hecke algebras that 



A3 — A2 = A2 -|- A3, 



algebra ^^^^2(4), we cannot have 



— 1. Hence we get A3 = and so 
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are semisimple, as it is described in Corollary 6.2 of |[T0[. Assuming that 
Hpr'^iQ) is semisimple, we have: 



^(3,3) ^ 



5(3,2) 



2 (5) 



5(2,2,1) 



Moreover, we have the following fact: 



Fact 1. Suppose TLp^'^i^) is semisimple. Then, up to equivalence, the two irre- 
ducible matrix representations of degree 5 of TLp j.2{b) are respectively defined by 
the matrices Pi, P2, i^s. Pi and Qi, Q2, Q3, Qi given by: 



Pi 



3 : = 



1 



4 



and for the conjugate representation: 
1 



Q 



1 •- 



1 



4 := 



1 r 



, Q2 : = 



1 

r 

r 1 r 



r 1 

r 1 

_ 1 

r 



1 



r 1 



Q3 := 



_i 

r 

1 r 



7 



, Q4 : = 



w^zere blanks are to be filled with zeros. 



1 r - i 



Proof of the Fact: since the second matrix representation is the con- 
jugate of the first one where we replaced r by — it suffices to show that the 
first set of matrices defines a representation ofHp^r^ (5) that is irreducible. It 
is a direct verification that that the so-defined matrices Pi's, i = I ... A, sat- 
isfy to the braid relations and to the Hecke algebra relations + m Pi = 
where I5 is the identity matrix of size 5. Let us now show that this Iwahori- 
Hecke algebra matrix representation is irreducible. Assuming Hp^r'^{5) is 
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semisimple, a non irreducibility of the representation means that there ex- 
ists a nonzero vector winF^ and scalars Ai, A2, A3, A4 in F such that for all 
1 = 1,... ,4 we have: 

PiW = XiW (★i) 
Let wi,W2,wz,W4, be the coordinates of w in the canonical basis of F^. 



We write all the equations provided by (^i), {-k2), (^3) and (^4). 






r wi 


— 


Ai wi 


(El) 






r W2 


— 


Ai W2 


{E2) 






rws 




Ai W3 


{E3) 






wi-r'^ws- ^ W4 


= 


Ai W4, 


{E4) 








= 


Ai W5 


{E5) 










A2 Wl 


im 






— ^'W2+W3 + W5 




A2 W2 


m 






T 




A2 W3 


im 






T VJ4 




A2 W4 


{E9) 






rw5 




A2 


(ElO) 






rwi 




A3 w^i 


{Ell) 






rw2 




A3 W2 


{E12) 


(*3) < 




W2- 




A3 li'3 


(EU) 






wi - ^ W4 - r'^ W5 




A3 W4 


(EU) 






rw5 




A3 ^i'S 


{E15) 






W2 — rws 




= A4W1 (-E16) 






wi + {r- i) W2 + 




= A4w;2 (-5^17) 


(★4) < 




r ws 




= A4u;3 {E18) 






-r^ W3 + W5 




= A4 ^^4 (-£^19) 






rw3 + W4 + (r - I 


)W5 


= A4 W5 {E20) 



We will show that it is impossible to have such a set of relations. Our first 
step is to show that these relations force all the A/s to take the same value 
r. From there, we show that all the w/s must then be zero, which is a con- 
tradiction. First, since all the A/s must be equal to r or all the A/s must be 
equal to — i, it suffices to show that Ai = r. 



Now, if Ai 7^ r, we get: 



Equation used 


Result 




Wl = 


(^2) 


W2 =0 


(^3) 


W3 = 


(£^6) 


W4 = 




W5 = 



Since we get that all the coordinates of the vector w must be equal to zero. 
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we see that Ai must equal r, so that all the A/s must in fact be equal to r. 
Now, from (£^4) and (£'14), we have: 

(r + ^) W4 
(r + J) W4 
from which we derive that: 

Using this equality, we get from (£13) that: 
and from (£7) that: 

(^r + W2 = 2 W5 
Gathering these two equalities, it yields: 

(r + ^ j W5 = 2w5 

Since we have assumed that Hpr^^S) is semisimple, we have (r^)^ ^ 1. 

Thus, it is impossible to have (j" + = 2. Hence we get = = 
0. Then it comes i(;2 = by (-£13) and ■u;4 = by (£'20) and wi = by 
(£17). It is a contradiction to have w = 0, hence our so-defined matrix 
representations are irreducible. We use these two irreducible 5-dimensional 
matrix representations to show the following theorem: 

Result 1. 

Suppose n = 5. Then there exists an irreducible 5-dimensional invariant subspace 
ofV if and only if I = r. 

Proof: suppose that there exists an irreducible 5-dimensional invariant 
subspace of V, say W. Then >V is an irreducible T-CFr^{5)-modu\e. Then 
there must exist a basis {wi,W2, w^.w.i, ^V5) of W in which the matrices of 
the left action of the g/s, i = 1, .... 4, are either the Pi's or the Qi's. We 
show that the first possibility leads to force the value r for I. Suppose such 
vectors exist. We read on the matrices Pi and P4 that: 

1 

gi.WA = W4 

r 
1 

g3.W4 = W4 

r 



= Wl — r'^ W3 
= ws — r"^ W5 
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These two relations imply that in 104 there are no terms in ^34, W45, ws^ and 

in W12, wi5, W25- In what : 
Wij in Wk- Thus, we have: 



in W12, wi5, W25- In what follows, we will denote by the coefficient of 



(4) , (4) , (4) , (4) 

W4 = IJ.y W23 + /ii3 Wis + ^24 ^24 + Ml4 

Furthermore, we read on the matrix P2 that: 

g2-W4 = rw4 + wi 

By looking at the coefficient of W23 in this equality and by using the expres- 
sion for W4, we get: 

^ m (4) _ (4) (1) . . 

y M23 + y /^13 -^f^23 + /^23 V*J 

We will show that 1^23 = 0. To this aim, we look at the coefficient of ^13 in 

91 -Wi = rwi + W4 

to obtain: 

(1) _ (1) I (4) 

M23 ~ A'13 A*13 

Further we look at the coefficient of W13 in §3.101 = rwi+W4to get the 
equation /i^^^ = r /i^g^ + ju^g^ Since g2-wi = — ^ f^i, in wi there is no term in 
W14. Hence we get: 

(4) _ _ (1) 

^^l3 ~ '"M13 

Mixing the two equalities now yields 

/^S = 0, 

as desired. Now (★) can be rewritten as: 

1 .(4) ^ m „(4) _^„(4) 



I /^23 +7^13 =rfJ-23 M 



Since /x^4 = fi'^^ = 0, we derive from 

91 -Wi = rwi + W4 



that 

and we derive from 
that 



(1) _ (4) 
M24 ~ /^14 



93.W1 = rwi + W4 



(1) _ (4) 
/^24 ~ /^23 
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Now it comes: 



Moreover, since gs-w^ 
and A = that: 



It follows that 



(4) _ (4) 
M23 ~ /^14 



^ W4, we have by (78) applied with s = 1, g = 3 



(4) _ 1 (4) 



(4) 
M23 



1 (4) 
■-^13 



Plugging this value for ij,^r^ into yields: 

(y - ^) /^i? = -/^i3 (***) 

Furthermore, the coefficients in are related in a certain way that prevents 
/Lt^3^ from being zero. Indeed, as seen along the way, we have: 

(4) _ (4) 

(4) _ 1 (4) 
A'U — r ^13 

Further, with 53.'u;4 = — f w^4/ we add a new equation by (78) applied with 
s = 2, g = 3andA = -^: 

(4) _ _1 (4) 

^^24 — ^ M23 

It now appears clearly from these relations that if //^g^ = 0, then the other 
three coefficients in are also zero. This is naturally impossible as W4 is a 
basis vector. Thus, (* * ★) reduces to: 

m 1 

i.e 



I 



Conversely, suppose I = r. 

Let wA := W23 — ^ W24 + W14 — r W13 

and set 



w5 := g4.w4 = r W23 — r W13 W25 + W15 

r 

wl := g2-wA — rwA = — ^34 + ^24 — rit;i2 + W13 

r 

1 2 
w2 := g^.w! = — 1^35 + W25 — r W12 + r W13 
r 

2 1 

w3 := g3.w2 — r w2 = —r W13 + r W14 W45 + W35 

r 
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Claim 1. If I = r, then the vectors wl, w2, w3, wA, w5 span an irreducible 5- 
dimensional invariant subspace ofV over Q(r). 

Proof: it is a direct verification that the family of vectors wl,w2, w3, wi, w5 
are linearly independent over Q(r) and that they satisfy to the relations: 



gi-wi 


= 


/■ //■ 1 ■ w4 




— 




gs-wl 




rwl + w4: 


9i-w2 




rw2 + w5 


92 ■w2 




-^w2 


qA.w2 





(r- -)w2 + wl 


9i.wS 




r w3 — wA 


92-wS 




r w3 + w2 


93-w3 




-lw3 


94.w3 




—r wl + w2 + r w3 — w4 + r w5 


9i.w4: 






93. wi 






9i.w5 






92-w5 




r w5 + w2 


93.w5 




r w5 — w4: 


9i.w5 




{f — f ) w5 + w4 



By Fact 1 the claim is hence proven. To finish the proof of Result 1, it 
suffices to show that the second irreducible representation of degree 5 de- 
scribed by the matrices Q/s cannot occur. Suppose that there exists a basis 
(f 1, f2, f3, ^4,^5) of yy in which the matrices of the left action of the y/s, 
i = 1, . . . ,4, are the Q/s. In what follows, we will denote by A^^^ the coeffi- 
cient of Wij invk. By the relations 

93. V4 = rV4 

gi.V4 = rvi 
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we get the relations between the coefficients in V4: 



Next, since g4.V4 = and 53.^5 




1 



1 



gzgAV4 = 54 ■"4 ^ V4 

Looking at the term in w\2 in this equation yields: 

„2 x{4) __,(4) _ 1 (4) 
' ^^12 — ^Vl ^2 12 

Since (r^)^ 7^ 0, we have + ^ + 1 7^ 0. Thus we get A^2^ = 0. By looking 
at the coefficient of W12 in gs-vi = vi + V4, we now get: r a[2^ = ~} ^u- 
Thus we also have A = 0. Further since A^g-* = r A^2^ by the relation 
g2-vi = r vi, it follows that A^g^ = 0. We then look at the coefficient of it^ia in 
g2-V4 = —■^V4 + viio get: — mA^g^ = ~ r '^is^ where we used that A^g^ = 0. It 
comes Ait^ = 0. From there we derive from the set of relations above that: 



Thus we have: 

\(4) , \(4) , n(4) , x(4) , >(4) 

V4 = Xll + r W4^ + w^^ + r W25 + X\^' W15 
Let's look at the term in W25 in 33 54 ^4 = —\g4v4 — ^V4. It comes: 



x(4) _ 3,(4) _ 3,(4) _ , (4) _ . 
'^IS — ^^23 — ^^24 — -^14 — ^ 




15 ~ 




i.e 



Hence A^g^ = and there are only three terms left in V4: 

V4 = A^4' W34 + r Xy W45 + X^^ W35 
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Let's now look at the term in W34 in the relation gi.vi = 



— ^vi +V4. We get: 



^^^34 — "^^34 +^^34 

On the other hand, by looking at the coefficient of W34 in 52 • ^"4 = — ^ ^"4 + vi, 
we get: 

™ x(4) _ 1 X (4) . (1) 
-mA34 ---A34 +A34 



t.e 



3,(4) _ 1 Ji) 

^^34 - - ^^34 



The two relations binding A34'* and A34'* now yield A34^ = A34 = 0. Thus, 
there are only two terms left in V4. Explicitly we have: 

V4 = r Xy W45 + W35 
But by looking at the coefficient of W34 in g^.v^ = rv^ we have: 

mA^^ =0 

Then V4 would be zero, a contradiction. 

Let's go back to the proof of Theorem 5. When n = 6, suppose that there 
exists a 5-dimensional invariant subspace W of V with 

W ~ 5(3.3) or yy ^ 5(2,2,2) 



Then 

W W,.(5)^ 5^''') or Win^^^,^,)^ 5(2.2,1) 

Then there must exist a basis of W in which the matrices of the left action 
by the gi's are the P/s or the Q/s. We first place ourself in the first situation 
and adapt the proof of Result 1. Let (w\,W2-,W3, u;4, ^75) be a basis of W in 
which the matrices of the left action by the gi's are the Pi's. Since the rela- 
tion gi.W4 = —J.W4 (resp g^.w^ = —^w^) forces that in W4 there is no term 
in wzQ,W4Q,w^Q (resp in W2&,wiq), we see that the shape of W4 is still the 
same. Then the presence of a sixth node does not modify the arguments of 
Result 1 and we get by the exact same arguments as in the proof of Result 
1 that I = r. Furthermore W must be spanned by the linearly independent 
vectors wi,W2,W3,W4, W5 provided in the proof of Result 1. But W is a sub- 
module of V. Hence 55 .W C W. This is not compatible with the spanning 
vectors above. 

Second, still following the proof in Result 1, we show that it is impossible 
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to have a basis {vi,V2,vs,V4, v^) of W in which the matrices of the left ac- 
tion by the gi's are the Q/s. Suppose such vectors can be found. Taking the 
same notations as in Result 1 and using the same arguments as in the proof 
of Result 1 with the addition of a sixth node, we must have: 

V4 = rX^^ W45 + AJ^g' W35+ 

We simplify further the shape of by looking at the terms in W12 in 51 .^4 = 
rv4. Such terms appear only when gi acts on W2e, with coefficient mr^. 
Since there is no term in W34 in V4, we simply get: 

mr^A^J =0 

Hence, A^ = aJJ = 0. 

Further, by looking at the coefficient of ^734 in 53.^4 = r V4, we obtain: 

mrA^J +mr^A^J = 

i.e 

^36 ~ ^ ^35 

Furthermore, we claim that V4 cannot be a multiple of w^q. Indeed, if so, 
in — ^ g4.V4 — ^V4 there is no term in w^q, but in 5354.U4, there is one. This 
would contradict 

1 1 

gzgA-V4 = --g4-V4- ^V4 

Thus, without loss of generality, we may set Agg^ = 1 and we rewrite V4 as 
follows: 

, (4) 1 
V4 = r W45 + Ws5 + A^g' W56 -W4e-- W36 

We now derive from = 52-^^4 + f ""4 that: 

■ui = (1 + r^) W45 + rw35 + W25 

+ + ^^56^ ■^Se ■^46 -W3e-^ W2e 

If we look at the coefficient of W26 in 53.^1 = vi + V4 we get 
which is a contradiction as (r^)^ / 1. 

Thus, we conclude that when n = 6 it is impossible to have an irreducible 5- 
dimensional submodule of V isomorphic to or isomorphic to S'(2'2'2) . 
Rather, it must be isomorphic to S^^'^^ or S^'^'^^h Then, as seen before, one 
of these representations leads to I G {pr, — pr} while its conjugate represen- 
tation cannot occur. Hence, the proof of Theorem 5 is now complete. 
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8.4 Proof of the Main Theorem 

In this section we prove the theorem: 
Theorem 7. Assume TLp j.2 (n) is semisimple. Then, 

j/(3) ig irreducible if and only if I {— r^, 1, —1, ^} 

For n > 4, irreducible if and only if I {r, — r 



s 1 



-3 5 ^2n — 3 



} 



Proof: we aheady proved the theorem for the small values n = 3, 4, 5, 6 in 
the previous sections. For larger values of n, we will use the following two 
statements of James which can be found in |[6|: 

Proposition 3. Let K be afield of characteristic zero. 

For all n > 7, every irreducible K Sym{n)-module is either isomorphic to one of 
the Specht modules S^"'\ S^^"\ 5^"'"^'-'^^ 5(2,1" ^) dimension greater than 

n-1. 

Proposition 4. Let K be afield of characteristic zero. 

For all n > 9, every irreducible K Sym{n)-module is either isomorphic to one of 
the Specht modules S^^\ S^'^~^'^\ S^"'~'^''^\ S^'^^'^'^'^^ or their conjugates, or has 
dimension greater than ("-~iK"~2) ^ 

For a proof of these two facts, we refer the reader to [6J. We will use an 
immediate corollary: 

Corollary 3. Let V be an irreducible F Sym{n)-module with n = 7 or n > 9, 
where F is afield of characteristic zero. Then, there are two possibilities: 

either dimVe{l,n- 1,^^, ("-^H"-^) } 



or 



dimD > 



(n-l)(?i-2) 
2 



Proof of the Corollary: the dimensions of the irreducible F Sym{n)- 
modules 5^"~^'^'^^ 5("-2,2) (^j-i^ their respective conjugates) are given by 
the number of standard Young tableau of shapes (n — 2, 1, 1) and (n — 2, 2). 
In a standard tableau, the numbers increase down each row and down each 
column. For the shape (n — 2, 2), the two possible configurations are the 
following: 



where you need to pick two integers out of the (n — 2) remaining ones, to 
fiU in the two boxes on the second row. The other possible configuration is: 
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And there are (n - 3) possible choices for the node (2, 2). Thus, the total 
number of standard Young tableau of shape (n — 2, 2) is 



Hence we 

have dim S'("-2,2) ^ n(r^ And there are ("-^) standard Young 
tableaux of shape (n - 2, 1, 1), so dim5'("'2,i,i) = (n-iKn-2) _ 

Now for n > 9, the corollary is nothing else but a reformulation of 
Proposition 4 with dim = I^^I^ and dim ^('^-^.i.i) = (liiilKlizH) . 

By Proposition 3, the irreducible F S'ym( 7) -modules have dimension 1,6 
or dimension greater than 6. In the table below, we computed the dimen- 
sions of the irreducible FS'ym( 7) -modules that have dimensions greater 
than 6. We used the Hook formula. Here, the conjugates of the Specht mod- 
ules mentioned in the table have been omitted since they have the same di- 
mensions by the Hook formula. As illustrated by the table, the irreducible 
sym(7)-modules have dimensions either 1 or 6 or = 14 or = 15 or 
dimensions greater than 15. This achieves the proof of the corollary. Note 
that Proposition 4 fails in the case n = 7, as for instance dim S^^'^^ = 14, 
while Corollary 3 holds in this case. 
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class of irreducible 
S'ym(7)-module 



hooklengths 



dimension 



5(5,2) 



6 


5 


3 


2 


1 


2 


1 





/(5,2) = 



7! 



6x5x4x3 



= 14 



5(5,1,1) 



7 


4 


3 


2 


1 


2 










1 











;(5, 



1,1) = IL 



7x4x3x2x2 



15 



5(4,3) 



/•(4,3) = 7^ = 14 

5x4x3x2x3 



5(4,2,1) 



6 


4 


2 


1 


3 


1 






1 










7 


3 


2 


1 


3 
2 
1 





/(4,2,1) 



7! 



3x4x3x2 



35 



5(4,1,1,1) 



/•(4,i,i,i) = Zl = 20 

7x6x3x2 



5(3,3,1) 



/(3, 



3,1) = Zl ^ 21 

5x4x3x2x2 



Finally, we note that Corollary 3 is not true for n = 8, since = 20 and 
dim 5(4'^) = 14. 

Let's go back to the proof of the theorem. There are two parts in the 
proof. First of all we need to show that for each of the values r, —r^, 

of h the representation is reducible. Second we need to 
show that if zy(") is reducible, then it forces one of the values r, — r'^, 
— pth^f rin-:i for the parameter /. The first point is achieved by exhibiting 
a non trivial proper invariant subspace inside V as it was already done in 
the case / = ^^i-j (cf Theorem 4) and in the cases I G {pr^, —pr^} (cf 
Theorems 5 and 6). We leave the cases I = r and I = —r^ for later. For the 
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second part of the proof, we will use our preliminary remarks and results of 
G.D. James. We proceed by induction on n to show the following property: 

: is reducible ^ I e {r, -r^ ^} 

First we show that (^7) and {%s) hold. Suppose i/^"^^ is reducible. Let W 
be a proper non trivial invariant subspace of V, with W irreducible. Then 
W is an irreducible 7^^,.2(7)-module. By Corollary 3, we have dimW G 
{1,6, 14, 15} or dim W > 15. If dim W = 1, Theorem 4 implies that I = 
Also, if dim W = 6, Theorem 5 implies that I G {^,—^}- Let Vo be the 
vector subspace of V over F, spanned by the Wi^'s for 1 < i < A; < 6. 
The vector space Vo is a -6(74.5) -module with the action provided by the 
restriction of u^"^^ to B(A5), but is not a B^A^ymodule since for instance 
36 ■'"^5,6 = 'wsj ^ Vo. In particular, Vq ^ W. Further, if Vq C W, then 
Xai G VV. By § 8.1 this would imply that W = V, which is impossible. 
Thus, considering the intersection of vector spaces W n Vo, we get: 

C W n Vq C Vq 

X Suppose = W n Vq. Since W Vq C V, we must have dim^W + 
dimirVo < dim^V, 

dim.W < Q - (^) = 6 

In this situation, we get, as seen above I G { prr , — ^ , } • 

44 Otherwise, we have C W n Vq C Vq. 
Since W is also a i?(^5)-module with an action given by the restriction 
i^^^'* i B(A5)f the vector space W n Vq can be viewed as a iJ(yl5)-module. By 
forgetting the last vertical line in the tangles representing the spanning el- 
ements Wi^s, l<i<k<6of Vq, the inclusions above mean exactly that 
z/(^) is reducible. Then, by the case n = 6, we get / G {r, — r^, ^,—^,^}- 

We now use the same technique to still get more informations, but this 

time with the F-vector space Vi := {wi^^l'^ < i < k < 5)^,. With the action 
given by v^"^^ is(A4) vector subspace Vi of V is a i?(744)-module. For the 
same reasons as above, it is impossible to have Vi C W, hence we have: 

c w n Vi c Vi 

And there are again two cases: 

4 If W n Vi = {0}, then dimW < (2) - (2) =11- Then by the above, 
dimW G {1, 6} and Z G ^} 

44 Otherwise, C W n Vi C Vi. By forgetting the last two vertical 
lines in the tangles representing the spanning elements w'-j^s 1 < i < k < 5 
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of Vi, we read on the inclusions above that 1^*^^^ is reducible. By the case 
n = 5, it yields / G {r, -r^, ^, 

Suppose now that I {pn —pri 77 }• Then points J(t and 4 cannot hap- 
pen. By points JI»JI» and 44 we get: 

I G {r, — r'^, — 
& 

As usual let e take the value +1 or —1. We have the equivalences: 

= e <;4> r = e (143) 

= e 4^ r'^ = e (144) 

r^ = er^ ^ = e (145) 

r"^ = 4^ = 1 (146) 

Since 7^ 1 as m 7^ and since (r^)^ / 1 and (r^)^ 7^ 1 by semisimplicity 
of7ipr^{7), none of (143) — (146) can occur. Thus, I must take the values r 
or — r^. 

We conclude that / G {r, — r'^, ;3, — pr}/ as expected. 

Let's now prove (^s)- Taking the same notations as before, suppose V 
is reducible and let W be an irreducible submodule of V. By § 8.1 and 
the relations defining the BMW algebra, W is also an irreducible 7{pr^{8)- 
module. If dimW = 1, then / = by Theorem 4 and if dimW = 7, then 
I £ {^) by Theorem 5. Otherwise, dimW > 8 by Proposition 3, a 
piece of the work of James in [6J. Still taking the same notations as before, 
we define the vector spaces Vo and Vi: 



Vo = (u^i,fc|l < i < A: < 7) 
Vi = {wj^s\l < j < s < 6) 



F 



F 



IfWnVo = {0}, then it forces dimW < (^)-Q = 7, sothat/ G 
by the above. Otherwise, we have C W n Vo C Vq. If we forget about the 
last node (number eight), we see with these inclusions that 1.(7) is reducible. 
Then by (I7), it yields Z G {r, -r\^,-^,^}. 

If W n Vi = {0}, then it forces dimW < (2) - (2) = 13. At this point, we 
need to study wether or not there could be an irreducible Hp r^ (8)-module 
of dimension d with 8 < d < 13. The answer to that question is no as 
shown by the table below. We referred to the Appendix table in [6J. James 
gives a polynomial lower bound in n for the dimension of an irreducible 
K Sym(n)-module depending on the shape /x = (;U2, /^s, . . . ) of the parti- 
tion jj = {fii,fi2, . . . ) 'r n of n and on the characteristic of the field. In 
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characteristic zero, these bounds are reached for any n. We summarize the 
results in the case n = 8 and char{K) = in the table below. In this case, a 
complete list of Specht modules of dimension greater or equal to 8 is: 

5^(6,2)^ 5(6,1,1)^ 5(5,3)^ 5(5,2,1)^ 5(5,1,1,1)^ 5(4,4)^ 5(4,3,1)^ 5(4.2,2)^ 5'(4,2,1,1)^ 5^(3,3,2)^ 

and their respective conjugates (when these are not self-conjugate), as illus- 
trated in the table of our appendix. Hence we see that the different possi- 
bilities for fi are: 

(2), (12), (3), (2,1), (1^), (4), (3,1), (2,1,1), (2,2), (3,2) 

For each of these shapes corresponding to the rows of height > 2 in the 
Ferrers diagram, the dimension of the corresponding class of irreducible 
K S'ym(8)-module is: 



Specht module 




dimension 


5(6,2) 


(2) 


20 




(1^) 


21 


5(5,3) 


(3) 


28 


5(5,2,1) 


(2,1) 


64 


5(5,1,1,1) 


(13) 


35 


^(4,4) 


(4) 


14 


5(4,3,1) 


(3,1) 


70 


5(4,2,1,1) 


(2,1^) 


90 


5(4,2,2) 


(22) 


56 


5(3,3,2) 


(3,2) 


42 



The last row of the array was obtained by the Hook formula as the ap- 
pendix table of James gives results only for partitions Jl \- m with m < 4. 
From the table, we gather the information that the next smallest degree 
of an irreducible representation of the Iwahori-Hecke algebra Hpr'^{8) is 
14. Thus, dimW < 13 implies in fact that dimW G {1, 7}, and this forces 
^ £ {p^',^,— ^}by Theorem 4 and Theorem 5. On the other hand, if 
WnVi^ {0}, then it comes C W n Vi C Vi, the last inclusion holding for 
the same reasons as before. The F-vector space W n Vi is a B(^5)-module 
with the action given by v^^^ J-s(A5)- When the BMW algebra ^(^5) acts 
on the tangles representing the elements Wi^^'s, 1 < i < 6 of Vi, it leaves 
their last two vertical lines invariant. Hence, we may as well forget about 
them and we read on the inclusions above that v^^^ is reducible. By the case 
n = 6, it follows that / G {r, -r^, ^, ^}. 

Suppose now that I {^,^,—^}- Then, by the previous considerations, 
we get: 

I S {f-, —T^i — ^, ^} 
& 

, ^ G {r, — r^, ^, — ^, pr} 
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Again, we cannot have: 



3 4 
7^ — ^ ^ 

9 11 



because r {1, —1} as m 7^ 0. Also, we cannot have: 



Q 1 1 

Q 4 

r = er 



since (r^)^ / 1 and (r^)^ / 1 by semisimplicity of ?^^ j.2(8). Then, the only 
possibilities are: I = r or I = —r^. In summary, I G {r, — r^, ^, — ^, ^}. 
This achieves the proof of (ts)- 

We are now in a position to deal with the general case. Let n be any inte- 
ger greater or equal to 9 and suppose that (ln-2) and (In-i) hold. Suppose 
that is reducible and let W be a proper nontrivial invariant subspace of 
V. The F-vector subspace W must satisfy to: 

c W c V 

VI < i < n - 1, C W (★) 

Without loss of generality, let's assume that W is irreducible. We have the 
lemma: 

Lemma 6. Let Qhea F -vector subspace ofV. Then, 

Q is a B{An^i)-module if and only ifQ is a 'HF,r'^{n)-module. 

Proof of the lemma: Suppose first that ^ is a S(A„_i)-module. By 
§ 8.1 and the defining relation (3) of the BMW algebra, the i?(A„_i)-action 
on ^ is a Iwahori-Hecke algebra action by Tipr^in) since ei.Q = for all 
1 < i < n — 1. Conversely, if Q is an 'Hj7^^2(n)-module, it is obviously a 
S(^„_i)-module since the expression defining is polynomial in gi. 

By the lemma, W is an irreducible 7^^? ,.2(71) -module. Then by Corollary 3, 
we have dim W G {1, n - 1, ("-'^("-2) } or dim W > lliziKlizH). 

If dim W = 1, then / = ^^i-a by Theorem 4. 

If dim W = n — 1, then / G {-^, by Theorems. 

Otherwise, dim W = or dimW = (Jl^Dil^ or dim W > Ili^iKziz^. 



1 n-l {n-l){n-2) ^.^^ 

As for n = 7 and n = 8, let's define the two F-vector spaces: 

Vo = (wj^fcll <i<k<n — 1^^ 
Vi = (wj>|l<j<s<n-2) 



F 

> 

F 
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of respective dimensions ("2 ^) and ("2^)- If W contains Vo or Vi, then W 
contains Xq,^ and by §8.1, all the x^'s are in fact in W. Then W is the whole 
space V, which is impossible. Thus we have the inclusions of vector spaces: 

c w n Vo c Vo 
c w n Vo c Vi 

If W n Vq = {0}, then W Vq and we have: 

dim W + dim Vq < dim V 

di,.w <_ (»)-("-^) 

i.e dimW < n-1 (147) 

Similarly, if W n Vi = {0}, then W Vi and we get: 

dim yV + dim Vi < dim V 

di^w s (»)-("-^) 

z.e dimW < 2n-3 (148) 

Since the inequality 2n — 3 < "^"2"^^ holds as soon as n > 7, so in particular 
for any n > 9, we see in each case and as illustrated by the figure, that 
there are only two possibilities for the dimension of W: either dim W = 1 
or dimW = n — 1. Thus, each of the conditions (147) and (148) implies 
that I G { , — -fkr^ , }• Suppose now that I does not take any of these 
values. Then we have W n Vo 7^ {0} and W n Vi 7^ {0}, so that: 

C W n Vo C Vq 

c w n Vo c Vi 

By definition of the representation, z/("~^) is a representation of B{An-2) in 
Vq. Still by definition of the representation, for each i = 1, . . . ,n — 2 and 
for all basis vector xp in Vq, the vectors i^^'^~^\gi){xi3) and only 
depend on the inner product (/3|aj) and we have: 

Letze WnVo. TTienVl <i<n-2, iy^''-'^\gi){z) = v^''\gi){z) e W since 
W is a B(^„_i)-submodule of V. Thus, 

V z = 1, . . . , n - 2, v^'^''^\gi){W n Vo) C >V n Vo 

Thenz/(""^) is reducible and (1„-i) implies that/ G {r, -r^, --pk^, 72^}- 
Similarly, is a representation of B{An-3) in Vi and we have: 

VI < i < G Wn Vi, iy^''-^\gi){z) = Vi{z) G Wby (*) 
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Thus, we have: 

Vi = l,...,n-3, i/^""^)(c/i)(Wn Vi) c wnVi, 
so that the representation reducible. Then (^n-2) implies that 

1 11^ 



In summary, if / {;;^, then: 

At this stage, we recall that we made the assumption that Ti p ^2 (n) is semisim- 
ple. By Corollary 3.44 in lilOJ . the smallest integer e such that 

l + r2 + ... + (r2)^-i =0 

(e = cxD if no such integer exists) must be greater than n. Since m 7^ 
implies 7^ 1, this condition is in fact equivalent to: "the smallest integer 
e, if it exists, such that {r'^Y = 1 is greater than n" . Thus, we must have: 

(r2)fc / 1, VA; = l,...,n 

We use this constraint on r to show that the two conditions on I above force 
I G {r, —r^}. Indeed, the condition 

and the impossibility to have any of the following equalities below 

<^ rG{— 1,1} impossible as m / 

<^ r"~^ = e impossible as (j-^)"'"^ / 1 

<^ r" = e impossible as (r^)" 7^ 1 

44> = 1 impossible as m / 



e 






e 


^2ri — 5 


y.n — 5 




^'2n — '( 



imply that I e {r, — r'^}. We conclude that if is reducible, then / G 

{r-, -r^, 7;^, Hence, 

(1„_2)&(1„-l) ^ (1„) 

Since (17)&(18) hold, holds for all n > 9. 

To complete the proof of the Theorem, it remains to show that for / = r 
and I = r^, the representation is reducible. We know from before that 
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(^i<i<j<nKer u{Xij) is a proper invariant subspace of V. If we can show- 
that for / = r and for I = r^, this subspace is non zero, then is reducible 
for each of these values of /. For n = 4, 5 and for each value of Z = r, —r^ 
we exhibited a non zero vector belonging to ni<i<j<„i^er i^(Xjj), which 
showed the reducibility of in these cases. For bigger values of n, we 
have the result: 

Proposition 5. Let n he an integer with n > 5. 

If I = r, X := r"^ wi2 - r Wis + W34 - r W2A G f] Kerv{Xij) 

l<i<j<n 

If I = -r^, y := -J. W23 - I W34 + W24 € f] Kerv{Xij) 

l<i<j<'n 

Proof of the Proposition: for n = 5, the vectors of the proposition are 
the ones annihilating the matrix 5 of § 5. By construction, S is the matrix 
of the endomorphism ^i<i<j<n ^{^ij) ^ basis B. By Proposition 2 
of § 8.1, the matrix MatBy{Xij) is the matrix whose {(1 + 2 + • • • + i — 
2) + [j — i)}-th row is the one of MatQj2i<i<j<n^i^ij) with zeros 
elsewhere. Hence Proposition 5 holds for n = 5. Moreover, to show in 
the general case that X,y e ni<i<j<nKer ^{Xij), it suffices to show that 
each row of the sum matrix annihilates X, y. Further, since the last (2) — 5 
coordinates of the vectors X and y are zero, it suffices to check that the 
five first coordinates of each row of the sum matrix annihilate the column 
vectors (r^, 0, —r, 1, — r) and (0, —r, 0, — ^, 1). Furthermore, by the remark 
above, the first (2) rows of the sum matrix correspond to the only nonzero 
row of the matrices MatBi^{Xij) for 1 < i < j < 5. Since an expression for 
i^{Xij) is: 

i^{Xij) = . . . Vi+iv{ei)v~^^ . . . 

and since u~^{xp) only depends on the inner product {ai\P) as in the ex- 
pression of f ~^ below: 


1 

I k. (3 -ai >- 

\ k (3 -ai 

k i3 y 
-\ k 13 < 

the action of z^^") i < 5 on x^^ , x^.^ , Xa^j^a2 , 2^03 , a^Q3+«2 is the same as 
the action of u^^^Xij), j < 5 on the same vectors. Thus, we only need to 
check that the five first coordinates of the last (2) — (2) rows of the sum 
matrix annihilates the column vectors (r^, 0, —r, 1, — r) and (0, — r, 0,-^,1). 
In other words, we need to check that for all the BMW algebra elements 
Xij's with 1 < i < j < n and j > 6: 





if 




Ixp 


if 




xp^ai - mlr^*^'^^~^ Xai +mxp 


if 






if 






if 




Xp+ai „ht(/3)-l ^Oj + TnXf) 


if 
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If I = -r^ 

-r HXij)iXa2)]^.. HXij){Xa3)L..+HXij)iXc,^+a3)L,, = 

For a proof of these two equalities, we shall use the table of the appendix 
that gives a complete description of how the Xij's act on the Wgk's or the 
straightforward computations below that use the conjugation formulas for 
the Xij's. First we have the lemma: 

Lemma 7. 

For alll<i<j — l<n with j >6 and i>5,we have: 

V/3 G {ai, a2, a2+ai, "3, ^3+0:2}, z^(^ij)(x/3) = i^j-i . . . ViJ^iv{ei)v^j^^ . . . i^j'\{xp) = 

For all i>5,we have: 

V/3 G {0:1,02,02 + 01,03,03 + 02}, v'{Xi^i+i){xi3) = i'{ei){xi3) = 

Proof of the lemma: for l < i < j - 1 < n and J > 6 and i > 5, it suffices 
to notice that: 

Supp(/?) n{i-i,i,i + i,...,j- = 

Hence, the vector ^{ei)^^^^ . . . v~\{xp) is zero. As for the second equality, 
it simply comes from the fact that (/3|ai) = 0. □ 

In what follows, we shall denote by 0^ the subset of 0+ composed of the 
positive roots oi, 02, 02 + oi, 03, 03 + 02. 

It remains to show (*) and for i G {1, 2, 3, 4} and j > 6. Let's start 

with i = 4. We have for all /3 G ^l": 

iy{X^j){xp) = Vj-i . . . v^u{ei)v^^ . . . uj\ {x^) 

{0 if /3 G {oi,a2,«i + "2} 

^I/j_l . . . l/5(XaJ if /3 = 03 
^l^j-l. . .l^5{Xai)-l if /3 = 03 + 02 

By the game of the coefficients in (*) and (**), we conclude that (*) and 
hold when = (4, j) with j > 6. 
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Next, we have for all P G <pf and all j > 6: 



... 1/41/(63)2/4 ^{xp) 


1 



Vj-l . . . 1/4 (Xag) 
Uj_i. . .Vi{Xaz) 



i (3 = ai 

f /? = a2 

f 13 = a2 + oii 

i f3 = as 

f /3 = 03 + 0:2 



When I = r, the last term above is zero. Thus, the only nonzero terms 
in (*) are -r ■ ■ ■ Mxaa) and ^iz/j_i . . . u^ixas) and they cancel 

each other. As for when I = —r^, all the powers in ^ cancel each other, 
as in the equation: 



1 1 1 

— r , , + 



j'3 



r 



More computations show that for all (3 & 4'i and for all j > 6, 

= :J^^j-l---^3^{e2)l'3^l^4^{xp) 

1 

r-3-3 
1 1 
■ I 

* Vt r 



1 1 

The zero comes from the fact that: 

1/3 Z/^ (2^03) — Xa^ 

Moreover, if Z = r the third row is also zero. Since 

o 1 





-1 • 


• V'i{Xa2) 


if 


13 = 


a\ 




-1 • 


.U^iXa^) 


if 


13 = 


a2 


"j- 


-1 • 


.y^ixai) 


if 


13 = 


OL2 + OL\ 








if 


f3 = 


0:3 


^j- 


-1 ■ 


■VziXa^) 


if 


(3 = 


03 + a2 



(149) 



1 1 

r^-^- = 0, 



we see that the first and the last term on the left hand side of the equality 
(*) cancel each other. Also, the fact that: 



1 1 



1 1 







and the computations above imply that (**) holds. 

Let's now study the action of v{e\)v:^^v^'^v~^^ on an x^ with (3 G (^\. 
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We have: 



I ^'^^ 

v{ei)v^'^{Xa2+ccz - mxas +mXa2) 

iy{ei){xa3) 


/ \ — 1 / ^ \ 

l'{e.\jl'2 (Xaz^a2+ai ~ '^'^3 ~^ ITT' Xa2+ai) 

, ,,1 m , 

1 



i/(ei)z/2 ^1^3 ^2^4 ^^as) = ^^(61)1^2 ^ (2^a4) by (149) 



Z/(ei)l/2 1/4 (Xa3+a2) 



- v(e{){xoc^ 




/ \ -1/-*- , N 
^{^1)^2 \~ Xa4+a3+a2 ~Xa^-^Qi^ -\- TTl Xa2) 

1 



r 




l^(ei)(Xa3+a4) 



Therefore, we have for all P E (f)i and all j > 6: 

1 



r 111 







1 1 1 




J Uj^l...V2{Xai) if /3 

if p 



r3-^rl ■ ■ ■ l^2{Xa,) if P 







if /? 
if p 



ai 
a2 + ai 
aa + 0:2 



Then, we see that all the terms of the left hand side of equality are 
zero. And we read on the first expression and on the third expression above 
that 

Then (*) also holds. This achieves the proof of Proposition 5 and the con- 
jecture is thus proven when the Iwahori-Hecke algebra Hp^r^ (n) is semisim- 
ple. 
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9 More properties of the representation when / G {r, — 



In this part we still assume that the Iwahori-Hecke algebra 7{pr'^{n) for the 
adequate integer n is semisimple and we show more properties of the rep- 
resentation z^^") . We focus on the cases when the representation is reducible 
with I G {r, — r^}. We introduce new notations: we will denote by K{n) the 
intersection module 

K{n):= Pi Keri^^^\Xij), 

l<i<j<n 

and by k{n) its dimension as a vector space over F. We first study some 
properties of reducibility or irreducibility of K{n) depending on the values 
of I and r. 

9.1 Proprieties of reducibility/irreducibility of the K{nys 
We have the Proposition: 
Proposition 6. 

Let n be an integer with n > 4. 

Yfhen I = r, K{n) is always irreducible. 

Let n be an integer with n > 3. 

Yfhen I = —r^ and n ^ 8, there are two cases: 

{j,2n ^ _i and K{n) is irreducible 
= -1 K{n) is reducible and k{n) > ("-^K^-^) 

(Case n=8) When I = —r^, there are two cases: 

r^^ 7^ —1 and K{8) is irreducible 

= -1 K{8) is reducible and k{8) G {15, 21, 22} 

PROOF: 

★ Let's first assume that n > 5 and n ^ 8. Suppose I = r. The 
case I = —r^ will be treated separately later on. We know that for 
n > 5 and n / 8, the irreducible H/. , 2(n)-modules have dimension 
1, n — 1, nill^:^^ {n-i){n-2) ^jjj^gj-ig^Qj-i greater than ("■-^K'"-^) _ Sup- 
pose K{n) is reducible. By semisimplicity of Tip^j.'^^n), the TCp^j.'^in) — 
module K{n) would decompose as a direct sum Ki{n) K2{n) with 
Ki (n) irreducible. With the same notations as before, let's write ki (n) 
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for the dimension of Ki{n) over F and fc2(n) for the dimension of 
K2{n) over F. Suppose now ki{n)> ^"-^^j"-'\ Thenit comes: 

n(n-l) (n-l)(n-2) 
^2(n) < ' ^ ^ =n-l 

By Theorem 4, this would force / = which contradicts our as- 

sumption I = r. Furthermore by theorem 5, it is impossible to have 
ki{n) = n— 1 and by theorem 4, it is also impossible to have ki (n) = 1. 
Then, the only remaining possibility for ki (n) is ki (n) = j^- foj. 

lows that: 

, , , n(n — 3) n(n — 1) 
fc2(n) + 2 < 2 ' 

, , , ^ n(n - 3) 
z.e «;2(w) < n < ^ — - 

This last set of inequalities now forces k2{n) G {l,n — 1}, which is 
again a contradiction. Hence K{n) is irreducible in this case. 

•k Let's now deal with the case n = 3. Here we assume that I = —r^. We 
haveA;(3) G {1,2}. 

* If rV -1- 

Suppose k{3) = 2. Since I = —r^, we know that there exists a 
one-dimensional invariant subspace of V. Theorem 4 also states 
that this one-dimensional invariant subspace is unique with our 
assumption on r. Moreover, it is contained in K{3). Then it 
must have a one-dimensional summand, which is impossible by 
uniqueness of the one-dimensional invariant subspace in that 
case. Hence we must have A;(3) = 1. Then K{3) is irreducible 
and as a matter of fact, K(3) is the one-dimensional invariant 
subspace of V. 

* If = -1. 

Then, by Theorem 4, there exists two one-dimensional invari- 
ant subspaces of V whose sum is direct. Since these spaces are 
distinct, k{3) cannot equal 1. Hence k{3) = 2, K{3) is reducible 
and K{3) is a direct sum of these two one-dimensional invariant 
subspaces. 

* The case ra = 4. 
First we prove the following Theorem: 
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Result 2. 



Suppose v^^^ is reducible and let W be an irreducible submodule ofV. 
If dim W = 2, then I = r and W is spanned over F by the vectors: 

{Wl3 - I W23) - I (Wu - \ 
{Wvi - \ Wn) - \ {W24: - I W34) 

Conversely, ifl = r, the two linearly independent vectors above are stable 
under the action of gi , 52, 33- 

Proof: By lemma 6, W is an irreducible 2-dimensional 'HF,r'^{^)' 
module. Let's set Hi, H2 and to be the matrices: 



Hi :-- 



-i 1 

r 

r 



Ho 



r 
1 -i 



By the symmetry of the roles played by the scalars r and — ^ and the 
choice Hs = Hi, it suffices to check that: 

Hf + mHi = I 
H1H2H1 = H2H1H2 ' 

(where / is the identity matrix of size 2) to see that these matrices de- 
fine a matrix representation of degree 2 of the Iwahori-Hecke algebra 
H py2 (4). Furthermore, this representation is irreducible. And indeed, 
if the representation were reducible, there would exist a nonzero vec- 
tor V = {vi,V2) of F'^ and scalars Ai and A2 such that: 

Hi.v = Xiv 
H2.V = X2V 

By using the definitions for Hi, we get from the first equation: 

■^Vl+V2 = XlVl 

rv2 = Ai V2 ' 
from which we derive the new set of equations: 



(r + l)vi = V2 ( V2 = 



Ai = r I Ai 



1 



Since it is visible on the matrices that in H2.V = A2 v, the scalar vi has 
been replaced by the scalar V2, we also get the set of equations: 

(r + I)v2 = Vl ( Vl = 

A2 = r °' 1 A2 = ^ 



r 
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where vi has been replaced by V2 and Ai by A2. 

From there, we see that it is impossible to have V2 = or vi = 
because since (r^)^ / 1, this would yield vi = V2 = 0. Hence the 
braces on the right hand side are to be excluded. Now we get: 

vi = \ r -\ — j vi and v\ / 0, 
so that + = 1, 

i.e r + - = 1 or r + - = — 1 

r r 

Let's solve the quadratics — r + 1 = and + r + 1 = 0. Both have 
discriminant (iVs)"^. Thus we get the solutions: 

f 1 .V3 1 .\/3 1 .\/3 1 .VS 

r E < — h t , i , h i , i 

\2 2'2 22 22 2 

Equivalently, 

r G {e 3 , e * 3 , e 3 , e 3 } 

Then it comes: 

e {e^ s^e , e^'s , e***3 } 

Now it is visible that (r^)^=l, which is forbidden. Thus, the so given 
representation of Hp^r'^ (4) of degree 2 is irreducible. Then there exists 
a basis {vi,V2) in W such that: 

i^l^^l = -^'yi ( l'2Vl = rVi+V2 {^)3 il^3Vl = -lvi (*)5 

1^1 ^2 = + r 1;2 (*)2 ' \ f2^^2 = — ^'"2 (*)4 ' \ ^3 '^2 = + ?"1'2 (*)6 

By (•*■)! (resp (*)5), there is no term in ^734 (resp wu) in vi. Similarly, 
by (*)4, there is no term in wu in V2- Next, let the A^^'s be the coeffi- 
cients of the Wij's in vi and let the ^j/s be the coefficients of the Wi/s 
in V2- By and (77) applied with q = 1 and A = — i, we get: 

A23 = — -^13 <^ -^24 = — Ai4 

r r 

By (*)5 and (78) applied with g = 3 and A = — ^, we get: 

A24 = — A23 & Ai4 = — A13 

r r 

By (*)4 and respectively (77) and (78) applied with q = 2 and A = 
we get: 

M34 = M24 & Ml3 = Atl2 

r r 
102 



Gathering these relations between the coefficients, we obtain: 



1 1 1 

^^1 = Wis ^23 + W24 Wu 

1 , 1 , , 
V2 a Wi2 Wi'i+n{W2i W34)+y^W23 

r r 

where /i and ii are scalar s to determine. For that we use the mixed 
relations (*)2/(*)3/(*)6- First and foremost, (*)3 sets the coefficient 
of proportionality of V2 to be one. Also, by looking at the coefficient 
of W2i in (*)3, we get /x = — i. Further, by looking at the coefficient 
of W23 in (*)6 and replacing by its value, we get: 

1 1 

— = h r/x 

r r 

It follows that ix = 0. Thus, if W is an irreducible two-dimensional 
invariant subspace of V, then it is spanned by the vectors 

^^1 = W13-- W23 + \w24-- Wi4 (150) 
V2 = Wi2 1^13 W24 + W34 (151) 

Furthermore, looking at the coefficient of wi2 in (*)2 yields: 

1 

y — m = r, 



from which we derive \ = \ i.e 



Conversely, if Z = r, it is a direct verification that the vectors vi and 
V2 defined by (150) and (151) satisfy to all the relations (*)i with 
i = 1, ... ,6. Thus, those linearly independent vectors span an ir- 
reducible two-dimensional invariant subspace of V. 
We have the immediate corollary: 

Corollary 4, Let n = 4. Then, there exists an irreducible 2-dimensional 
invariant subspace ofV if and only if I = r. 

Proof: contained in the above. 

Aparte: we note at this stage that for Z € {7,-7}, the freedom of 
the family of vectors (ui, U2, ^3) of Theorem 6 is a direct consequence 
of Theorem 4 and Corollary 4. Indeed, if the family {v\,V2, V3) is not 
free, then dimS'pani?(tii, ^2, ^3) = 1 ox d\mSpanF{vi,V2,V3) = 2. In 
the first case, we get Z = 4^ by Theorem 4, which is impossible. In the 
second case, the existence of an irreducible 2-dimensional invariant 
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subspace would force I = r, also impossible. We note that the same 
argument does not hold for the spanning vectors of an irreducible 3- 
dimensional invariant subspace when I = —r^ since we could have 
—f^ = pr- Freedom needs to be shown by hands in that case. 

We have a corollary of Corollary 4: 

Corollary 5. When I = r, the intersection module K{A) is the irreducible 
2-dimensional invariant subspace ofV. 

Proof: by Result 2, an irreducible 2-dimensional invariant subspace 
of V when it exists must be unique. Also, as a matter of fact, it must be 
contained in -R'(4). Suppose I = r and /c(4) > 2. Then /c(4) G {3, 4, 5}. 
Assume first A; (4) = 3. If K{4:) were not irreducible, it would contain 
a 2-dimensional submodule that has a one-dimensional summand. 
Then I = ^ = r, i.e (r^)'^ = 1: absurd. So K{4:) is irreducible, 3- 
dimensional and I G — ^, — r^} by Theorem 6. None of these pos- 
sibilities is compatible with I = r. Hence k{4) ^ 3. If fc(4) = 4, 
then i^(4) is not irreducible as its dimension is not 1, 2 or 3. Then by 
uniqueness in Result 2 it must be a direct sum of a 1-dimensional sub- 
module and an irreducible 3-dimensional one. This is again impossi- 
ble. The other remaining possibility is A;(4) = 5. Then the only pos- 
sibility for ii'(4) is to decompose as a direct sum of an irreducible 3- 
dimensional invariant subspace and an irreducible two-dimensional 
one, which for the same reasons as above has to be excluded. We must 
conclude that A; (4) = 2, which achieves the proof of the corollary. 

Let's go back to the proof of Proposition 6 torn = 4. First, by Corol- 
lary 5, half of the work is done in the case n = 4. Indeed, the corollary 
says that when / = r, the submodule i^(4) of V is irreducible. When 
I = —r^, we know from Theorem 6 of the existence of a (unique) ir- 
reducible 3-dunensional invariant subspace of V. Then k{4) > 3. We 
attempt to exclude turn by turn the two possibilities A; (4) =4 and 
fe(4) = 5 and summarize the usual arguments in the following table: 



k(4) 


K(4) 


value for / 


Contradiction 


4 


301 


^ = 4 = -r^ 


NONE, apparently 


5 


302 


I = r = —r 


(r^)^ / 1 



We need to investigate further in the case k{4) = 4. If ^ —1, then 

it is impossible to have k{4) = 4. Since it is also impossible to have 
k{4:) = 5, it comes A;(4) = 3 and -fC(4) is irreducible. If on the contrary 
= —1, then we have I = —r^ = ^. The fact that I = ^ forces the ex- 
istence of a one-dimensional invariant subspace of V. Since we have 
seen that A (4) > 3, this one-dimensional invariant subspace is not 
K{4:), but is contained in -f^(4). Then by semisimplicity of Hp^r^ (4), it 
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has a summand in if (4). This summand cannot be two-dimensional 
(otherwise / = r, impossible with / = — r^). Since by the table above, 
fc(4) < 5, this summand must in fact be 3-dimensional. It forces 
fe(4) = 4 and K{A) is a direct sum of the unique one-dimensional 
invariant subspace of V and of the imique irreducible 3-dimensional 
invariant subspace of V. This terminates the case n = 4. 

* Let's go back to the general case with n > 5 and n ^ 8 when I = —r^. 
First if r^" 7^—1 then it is impossible to have I = —r^ = Thus, 
by the same arguments as in the case / = r, K{n) is irreducible. If 
now r^'^ = — 1, we have I = — = ^.^n-i ■ By Theorem 4, there exists 
a one-dimensional invariant subspace in V. Since by Proposition 5, 
the intersection K{n) n Vo is non-trivial as the vector 3^ is in K{n) for 
every n > 5 and since by choice of / and r and the previous study, the 
module K{n — 1) is irreducible, we have the inclusions: 

C K{n) n Vo C K{n) 
C K{n) n Vo = Kin - 1) 

If k{n) = 1, then we must have K{n) n Vq = K{n) = K(n — 1). 
But still by choice of I and r, K{n — 1) carmot be one-dimensional, 
hence a contradiction. Thus it is impossible to have k{n) = 1 and the 
one-dimensional invariant subspace of V, say V^^ ^ must be strictly 

contained in K{n). This proves that K{n) is reducible. Moreover, 
by semisimplicity of 'HF,r'^{n), the module V^ ^ has a summand 

in K{n). This summand cannot be or contain an irreducible (n — 
1) -dimensional invariant subspace (otherwise I G {-^, —:p^} by 
Theorem 5, a contradiction with I = —r^). Since 

n(n — 1) (n — l)(n — 2) 
2 2 

this summand must be irreducible, of dimension , qj- 
dimension greater than (^-^K^-^) . Hence A;(n) > In^iKlizHl. 

•k The case ri = 8. 

If W is an irreducible submodule of V, then 

dimW G {1,7, 14,20,21} 

* Assume I = r 

The argument is the same as in the first general case, except 
that there is one more possibility for a dimension between 7 and 
21. Explicitly, suppose K{8) is reducible. Since we assumed 
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that Hpy2{8) is semisimple, there exists Ki{8) and K2{8) sub- 
modules of K{8) such that K{8) = Ki(8) i^2(8). Without 
loss of generality, Ki (8) is irreducible. Like in the first case, if 
A;i(8) = 21, then ^2(8) < 28 - 21 = 7. Then ^2(8) is irreducible 
and one-dimensional. It follows that Z = ^ by Theorem 4. Since 
{r'^y / 1, we get a contradiction. Also, since (r^)^ / 1 and 
[r^y / 1, we cannot have A;i (8) G {1,7}. Hence /ci(8) G {14,20}. 
Suppose first A;i(8) = 14. Then ^2(8) < 28 - 14 = 14. This is 
impossible by the same arguments as before. On the other hand, 
if A;i(8) = 20, then ^^2(8) < 28 - 20 = 8. Then ^2(8) is irreducible 
and has dimension 1 or 7, which is impossible. We conclude that 
K{8) is irreducible when I = r. 

* Assume I = —r^ 

a) If r^^ 7^ —1 then ^ / — r^. Since we also have (r^)^ / 1, the 
same arguments as for Z = r yield the irreducibility of i^(8) 
in that case. 

b) If r^^ = — 1, then I = —r^ = By Theorem 4, there ex- 
ists a unique one-dimensional invariant subspace of V. If it 
was K{8), we would have K{8) = K{8) n Vo = K{7), the 
last equality holding by irreducibility of i4r(7) for these val- 
ues of I and r. Then K{1) is also one-dimensional which 
forces Z = impossible. We conclude that K(8) is re- 
ducible and contains a one-dimensional invariant subspace 
that has a summand in K{8). This summand cannot be 
one-dimensional or contain any one-dimensional submod- 
ule by uniqueness in Theorem 4. This summand may also 
not be 7-dimensional since it would then be irreducible and 
we would have / e {^, — ^}- This is not compatible with 
I = —r^ and (r^)^ / 1. Neither can it contain an irreducible 
7-dimensional invariant subspace. Since it has dimension 
less than 28, it must be 14, 20 or 21-dimensional. This ends 
the proof of Proposition 6. 

We deduce from the Proposition some properties of inclusions of the i^C (n)'s. 
Let us first introduce a few more notations. We extend the definitions of Vo 
and Vi and define Vn-s to be the F-vector space spanned by the Wij's with 
l<i<j<s — 1. Precisely, 

Definition 2. 

Vn-s '■= Spanp{wij\\. <i<j<s — 1) Vs = 4, . . . , n (152) 
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And for better clarity in the notations, we set: 

r V(^) := Vn-s-i Vs = 3,...,n-1 
\ v(") := V 

We will use either of these definitions depending on the context. The sec- 
ond definition is somehow nicer as it has a meaning independently of the 
choice of integer n. We have the Propositions: 

Proposition 7. Suppose I = r. Assume 7^^ ,,2 (n) is semisimple with n > 4. Then 

K{n) D K{n - 1) 

Proof of Proposition 7 

The inclusion uses the irreducibility of the K{n)'s for n > 4, when / = r 
and the fact that they are nontrivial. Once this is done, we recover the re- 
sult of Proposition 5. To show that the inclusion is strict uses this same 
result. 

The proof itself: suppose I = r and let n be an integer with n > 5. We 
consider the intersection K{n) n V^""^). If this intersection was trivial, we 
would have /c(n) < n — 1, which is impossible. Since ii'(n)nV^"~^-' C V*^"^''"^ 
(otherwise K{n) = V by §8), K{n) n V^""^) is a proper non-trivial invariant 
subspace of V*^"^^-* and we must have: 

C K{n) n V^"-^) C K{n - 1) (153) 

By irreducibility of K{n) for every n > 4 when I = r, we now get: 

K{n) n V("-^) = K{n - 1) (154) 

Thus, we read: 

K{n - 1) C K{n) 
Further, if the equality holds between the two sets, then, 

K{n) C V^"-^) (155) 

We show that (155) is a contradiction. We recall from Proposition 5 that the 
vector X defined by: 

X = W12 — r u;i3 -|- w^i — r W24 
belongs to K{n). Since K{n) is a 5(A„_i)-module, the vector 

{gn-l . . . 9594) ■ ^ = r'^~'^ W12 - r""^ W13 + W^n - r W2n 
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also belongs to K{n). As a matter of fact, this vector is in K{n), but is not in 
hence the contradiction in (155). We conclude that _fir(n) D K{n—1). 
It remains to show that K(3) C K{A). But by Theorem 7, the representation 
2/(3) ig irreducible when / = r. Moreover, K{3) is a submodule of V and is 
not V itself. Thus K{3) must be trivial. Finally, (4) 7^ as it contains for 
instance the vector a;(4) = u;i3 + W24 — r wu — r W23. Thus, when I = r, 
we have: 

= K{3) C K{4) 
This ends the proof of Proposition 7. 
Proposition 8. 

In Proposition 7 it suffices to assume that H^-y2{n — 1) is semisimple. 

Indeed, in the proof above, we considered the intersection module K{n) n 
y(n-i)_ Consider instead the intersection K{n) Ci K{n — 1) and use Propo- 
sition 5 to claim that this intersection is non trivial for n > 6. When n = 5, 
use for instance that a:(4) G K{A) n K{^). Then by irreducibility of K{n - 1), 
we have K{n — 1) n K{n) = K{n — 1), from which we derive that K{n) 5 
K{n-l). Since {gn-i ...gA).Xe K{n)\K{n-l), we have K{n) D K{n-1). 

We now study some properties of inclusions of the K{n)'s when I = —r^. 

Proposition 9. Let n be any integer with n > 4. Suppose I = —r^ and suppose 
HF^r'^{n — 1) is semisimple. 

1) Ifr^i"^-^) ^ -1, then K{n - 1) C K{n). 

2) {n = A) If = —1, then we have: 

K{'i) % K{A) C K{b) C K{<6) 

3) Ifr'^("-~^^ = —Ifor some n > 5 then we have the towers of inclusion: 

K(3) C • • • C K{n - 1) 2 K{n) C-- - C K{2{n - 1)) 

Proof: let's first prove 1). Following the same scheme as in the proof 
of Proposition 8, we show the inclusion K{n — 1) C K{n). For n > 6, the 
intersection K{n) nK{n—l) is nontrivial as y belongs to all the K{s), s > 5 
by Proposition 5. When n = 5, y(4) G K{5) n i^(4). Also, when n = 4, 
-rwi2-lw23 + wi3 G i^(4)ni^(3). Thus, C K{n)nK{n-l) C K{n-1). 
By irreducibility of K(n — 1) when I = —r^, HF,r^in — 1) is semisimple and 
^2(n-i) ^ it follows that K{n - 1) C K{n). Since 

(gn-l ...g4)-y = -rW23 - ^Wsn + W2n G K{n) \ K{n - 1), 

we see that K{n - 1) C K{n). This ends the proof of point 1). Let's prove 
points 2) and 3). 
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Claim 2. Suppose r'^^ = —I for some n > 3 and assume that Hpy2{n) is 
semisimple. Then r^^ ^ —1, \/k ^ (2N + 1) n. 

Proof: Suppose r"^^ = — 1, some k^n. The proof is in two steps. 

• First k < 2n: we have 

-1 = r-^" = r'^k^2{n-k) 

If r'^k = —1, it comes r^^""*^) = 1, a contradiction with 7^^^2(n) 
semisimple as k — n < n. 

• lfk> 2n, let's divide k by 2n: 

k = tx2n + s with < s < 2n - 1 

It comes -1 = r^*^ = ^^^(r^")^*. Then r^* = -1 with < s < 2n - 1. 
It forces s = n by the first point. Then k = (1 + 2t)n. Hence k e 
(2N + l)n. 

We deduce from the claim a lemma: 

Lemma 8. If P'^ = —1 and Hp^j.2{n) is semisimple, then HF^r''{2n — 1) is 
semisimple (but HF,r'^{2n) is not). 

Proof of the lemma: first if r^"^ = -I, then [r'^y-^ = 1, so?t:^ ,,2(2n) is 
not semisimple. What the lemma says is that 2n is the first positive integer 
k for which r"^^ = 1. In other words, / 1, • • • , (r^)^"~^ ^ 1, so that 
7iF,r^i2n — 1) is semisimple. Suppose that there exists an integer ko such 
that < fco < 2n and r'^''° = 1. Then it comes: 

_ ^2fco^2n-2feo _ ^2(n— feo) 

so that 

^2(n-fco) _ _2 

Now < \n — ko\ < n implies that |n — ko\ (2N + l)n. Then by the 
claim we have r^l""'^"! / — 1, which yields a contradiction. Thus, VO < A; < 
2n — 1, r^'^ 7^ 1. This ends the proof of the lemma. 

Suppose n > 5 and let's go back to the proof of Proposition 9: by the lemma 
7iF,r2i2n - 3) is semisimple. Also, by the claim, r^*^ 7^-1, Vfc (2N + 
— 1). In particular, for all positive integer k such that k < 2n — 3 and 
k ^ n — 1, we have r^^ / -1. By applying point 1) of Proposition 9 to all 
these admissible k's, we get: 

K{3) C ••• C K{n-1) 
K{n) C • • • C K{2n - 2) 
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It remains to show that K{n — 1) 2 K{n). When / = — and r^^""^) = 
— 1, there exists a one-dimensional invariant subspace of V^""^), say Vi,n_i. 
Moreover, by Theorem 4, 

l<s<t<n-l 

We have: 

n-2 



l<s<t<n-l i=l 

n-2 



i=l 

i=l 
n-2 

= r '^{r'^y Wn-l,n 
i=l 

1 - (r-2)"-2 

= ^ 1 _ ^2 ^n-l,n 



Since (r^)" ^ 7^ 1, we see that en_i. X;i<5<t<n-i ^*^*^s,t 0- Hence 
2 K{n) and a fortiori, ii'(n — 1) ^ K{n). This ends the proof of 
point 3). Let's prove 2). If i = — and = — 1, we know from before that 

if (3) = SpanF{wi2 + rwi3 + u;23) ^ Spanpiwu — ^ u^is + ^ 1^23) 

Since 63.(^12 + r W13 + W23) = (1 + r'^) W34 / 0, we see that 

KiS) % K(4) 

Let's show that K{A) c K{5). When I = -r^, y{A) e K{A) n K{5), hence 
K{A) n if(5) / 0. Moreover K{4) is irreducible as / —1 (otherwise 
r2 = 1) and / 1 (otherwise = -1). Thus K(4) n if(5) = K(4), 
which implies if (4) C if (5). From y(4) G if (4) we derive 94.y(4) G if (5) 
id est —r^wi2 — ^^^35 + W15 — rw23 G if (5). This element is not in if (4). 
Hence we have if (4) c if (5). Finally, by Proposition 5, if (5) n if (6) ^ 
and since r^^ / —1 (as otherwise (r^)^ = 1) and r^^ 7^ 1 (as otherwise 
(7-2)2 _ know from Proposition 6 that if (5) is irreducible. Thus, 

if (5) n if (6) = if (5) and if (5) C if (6). Further, by the usual argument, 

g^.y eKiQ)\K{5) 

Thus if (5) c if (6). In summary. 

When I = -r^, (r^)^ 7^ 1 and = —1, we have: 
if (3) g if (4) C if (5) C if (6) 
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This achieves the proof of Proposition 9. In the next section, we prove two 
more theorems that finish characterizing the dimensions of the invariant 
subspaces of V when the representation is reducible. 



9.2 Properties of dimension of the K(n)'s 

Our first main result is the following: 

Proposition 10. Let n > 4. When I = r, k{n) = ^^^^^ 

Proof: first we show that when I = r, we have k{n) > . 
deal with the case n = 8 separately. By Corollary 3, for n = 7 orn > 9, the 
irreducible 7ipr^{n)-modules have dimensions l,n — 1, ^ (w-iKn-2) 

or dimension greater than lliiilKZLi^. Hence in the case n = 7 or n > 9, 
if k{n) < liilLi^)^ then there exists an irreducible (n — l)-dimensional in- 
variant subspace of V or there exists a one-dimensional invariant subspace 
of V, which forces I G :p7r^, None of this value is compat- 

ible with / = r. Thus, k{n) > in these cases. When n G {5,6}, 

the story is similar as Corollary 3 still holds in these cases. As for n = 4, 
/c(4) = 2 by Corollary 5. Suppose now n = 8. The irreducible Hpy2{8)- 
modules have dimensions 1, 7, 14, 20, 21 or dimension greater or equal to 
28 = dim V(^). By Proposition 7, we know that K{8) D K{7). By the above, 
we have fc(7) > 14. Hence it comes k{8) > 14. Moreover, by Proposition 
6, K{8) is irreducible when I = r. Then A;(8) > 20 and we are done with 
all the cases. We will prove the other inequality geometrically, by using the 
tangles. Let's introduce a few notations. Let T{n) denote the matrix of the 
sum endomorphism u{n) := X^i<j<j<„ i^^"'^ i^ij) in the definition below: 

Definition 3. 

T{n) := MatB^^^^v{n) 
Property 1. K{n) = Kerv{n) 

PROOF: by Proposition 2, MatB^^^^^'^'^\Xij) is the matrix whose [{^2^) + 
{j — i)]-th row is T(n)'s and with zeros elsewhere. It follows that 

fl Keri.(")(X,,)=Ker( ^ i^^'^Hx,,)) 

l<i<j<n l<i<j<n 

With our notations, 

K{n) =Ker{u{n)) 
Since rk(y(n)) = rk{T{n)), we get the equality on the dimensions: 

k{n) + rk{T{n)) = -^-^ — '- 

Thus, to show that k{n) < VikHz^^ it suffices to show that rk{T{n)) > n. 
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Property 2. When I = r and n > 4, rk{T{n)) > n 

Proof: when n = 4, since fc(4) = 2, rk{T{A)) = 6-2 = 4. When ra = 5 
we recall from Result 1 that there exists an irreducible 5-dimensional invari- 
ant subspace. Since K{h) is irreducible by Proposition 6, we get k(b) = 5, 
hence rk{T{5)) = 10 — 5 = 5. Since the square submatrix of T(6) composed 
of the first ten rows and first ten columns is T{5), to show that rk(T{6)) > 6, 
an idea consists of extracting from r(5) a square submatrix of size 5 (such 
a matrix exists as rk{T{5)) = 5) and try and build from it an invertible 
square submatrix of T(6) of size 6 by adding a sixth subrow and a sixth 
subcolumn. We notice that in each last five rows of T{Q), there are six zeros 
amongst the first ten coefficients. These are indicated in bold below: 
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Since the coefficients in the lower right part of the matrix are all non-zero, 
life would be wonderful if there existed five columns in T(5) aligned on 
one of these rows of zeros that made a square submatrix of T(5) invertible. 
Then, adding this subrow of five zeros and any subcolumn amongst the 
last five columns of r(6) would still make the determinant of the result- 
ing extended submatrix non-zero. Unfortunately things don't happen this 
way. We wrote a program in Maple that computes the determinant of all 
the square submatrices of T(5) (See appendix D). The first five numbers 
that are printed in the output correspond to the columns and the five ones 
that follow, to the rows. We fix an admissible column and see if for one of 
the rows we get a nonzero determinant. To do that we scroll the bar down 
onto an admissible column (the first one being [1, 2, 3, 4, 5] and the last one 
being [5, 6, 7, 9, 10] and there are 30 of these) and look for a row that would 
give a nonzero coefficient at the end. The result is negative. The mathe- 
matical explanation for that is unknown to the author. We need to ask for 
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slightly less and content ourselves with five columns aligned on only four 
zeros. Let's pick the first four zeros of row 11 and notice that it could be nice 
to have a one as the last non-zero coefficient. Thus, we investigate about 
the determinants of the submatrices of T(5) with the pattern of columns 
C := [1, 2, 3, 4, 7]. The first (in the lexicographic order) admissible 5-tuple of 
rows is actually TZ := [1, 2, 3, 4, 7](= C). And in fact picking C and TZ is also 
a natural choice as, by our program, it is for these subcolumns and subrows 
that the first nonzero determinant arises in lexicographic order (when or- 
dering the columns first). 

A few notations: 

• Given a matrix A, submatrix(^, [ii, . . . , is],[ji, . . . , js]) denotes the 
square submatrix of size s of A with subrows ii,. . . ,is and subcolumns 
ji,. . . , js, where we followed Maple's notations. 

• Given TZ a subset of rows, Cii^,Tz denotes the extracted ik-th. column 
with rows TZ. 

LetM := submatrix(T(5), [1,2,3,4,7], [1,2,3,4,7]). 
We have det{M) = ^^^^ ^ 0, as {r^f / 1. 

Hence the family of columns {ci^-ji, C2,ti, C3,n, C4,n, C7,-r) is free. A fortiori, 
the subfamily [ci^-r,, C2,tz, cs^tz, C4,n) is free. 

Let M' :=submatrix(r(6),[l,2,3,4,7],[l,2,3,4,12]) 
det{M') = (see Appendbc D) 

Then {ci^n, C2,n, C3,n, C4,n, ci2,n) is not free, but {ci^n, C2,tz, C3,n, C4,tz) is. Hence, 
the colunm Cl2,7^ is a linear combination of columns £17^,02,7^,03 7^,04-/^. 
Thus, we don't modify the determinant of M by adding to cj^ti a multiple 
of Cl2,7^. The 12th column of r(6) is the vector v^^^w^e). The coefficient 
on the llthrowis W^^Hwie)]^^^ = [iy^'^HX56){w46)]^^^^ = ^ by (TL), of Ap- 
pendix C with I = r. We recall that the coefficient of the 7th column and 
the 11th row is a one, while the other coefficients of the extracted matrix on 
the same row are O's. We now do the operation on the columns 

in order to make a fifth zero appear, where we used the S5Tnbol @ for con- 
catenation of lists. By doing so the determinant of M is unchanged. Let's 
consider the matrix 

m" := submatrbc(T(6), [1, 2, 3, 4, 7, 11], [1, 2, 3, 4, 7, 12]) 
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M is a square submatrix of r(6) of size 6 and 

det(M") = det(M) x - 7^ 

Thus, we have exhibited an invertible submatrix of r(6) of size 6. This 
shows that rk{T{6)) > 6. Furthermore, we have seen that when I = r, we 
have for all n > 4 that k{n) > "^""^^ . This is equivalent to rk{T{n)) < 
n. Thus, we have rk{T(Q)) < 6. Hence rk{T{6)) = 6. Next, for n > 7 
we inductively build invertible submatrices S{n) of T{n) of size n in the 
following way: 

S{5) :=submatrb((^(5),7^5,C5) withC5 = 7^5 := [1, 2, 3, 4, 7](= TZ) 

S{n) := submatrix(^(n),7^„_l@[("-^) + (n - 5)],Cn-i@[C2^) + (n - 4)]) 

5(n) is built from S{n - 1) by adding the extracted [("2 ^) + (n - 5)]-th sub- 
row and the extracted [("2 ^) + (n — 4)]-th subcolumn. In other words, S{n) 
is built from S{n — 1) by adding the subrow corresponding to X^n and the 
subcolumn corresponding to w'i„ as shown on Figure 1. In the table below, 
we gathered the results of the actions of Xu, X23, X13, X34 and X45 on the 
vectors u;4 „'s for n > 6. To calculate the coefficient of the action of X34 on 
w^k, we used (SR)k-A with i = 3 and j = 4. It yields the coefficient r*^"^; to 
calculate the coefficient of the action of X45 on 104^, we used {TR)k-5 with 
I = r.lt also yields the coefficient r^^^. 





W46 


W47 


X12 








X23 
















Xu 
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X45 
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Win 





_n— 5 



It appears clearly on the table that C|^n-i^^^^_^^ 7?, is a multiple of CY2„n- 
Since, as seen above, ci2,n is a linear combination of the extracted columns 

Cl,7^,C2,7^,C3,7^,C4,7^ of r(5), each extracted column c^n-i-)^(„_4)^ of T{n), 
n > 7, is also a linear combination of columns ci 7^, 02.7^, C3 7^, C4 7^. Thus, 
for any n > 7, we won't modify the determinant of 5(5) (= M) by adding 
to its 7-th column cj^n a multiple of c^n-i-j^j^^_^-j ^. As it appears on the 
Figure below. 
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Figure 1 
we have: 

Vn > 7, X^n-Win = J. w^n (Rule (TL)i with / = r) 

Vn > 7, X5n-W45 = -fh^ w^n (Rule {SL)i with i = 5 k j = n) 

Vn > 7, X5„.u;4j = for all 6 < j < n - 1 BECAUSE Z = r (cf Rule (CL)) 

Vn > 7, X5„.w;,,t = for all {s, t) G {(1, 2), (2, 3), (1, 3), (3, 4)} 

Vn > 7, X5fe.'u;4j = 0, V6 < < n — 1, V/c + 1 < j < n 
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Hence, doing the following operation On on S{n) with: 

n— 6 ^ 

fe=0 

transforms S{n) into a matrix by blocks with O's in the lower left quadrant, 
a square matrix Mq^ = S{h)of, of size 5 obtained from M by doing the 
operation Os and whose determinant equals the one of M in the upper left 
quadrant and an upper triangular square matrix of size n — 5 with ^'s over 
the diagonal in the lower right quadrant: 



S(5)o. 
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n — h 



Then it comes: 

det(5(n)) = det(5(n)oJ = 



Hence, S{n) is a square submatrix of size n of T{n) that is invertible. This 
shows that rk{T{n)) > n for all n > 7. And since we know from before 
that for all n > 4, rk{T{n)) < n when / = r, we have in fact: When I = 
r, rk{T{n)) = n for all n > 7. This is the same as saying that When I = 
r, k{n) = "-^^"^^ for all n > 7. Since as we have seen along the proof, we 
also have rk{T{A)) = 4 {i.e k{A) = 2 = ^), rk{T{b)) = 5 {i.e k{5) =5 = ^) 
and rk{T{6)) = 6 (i.e k{6) = 9 = ^) , this ends the proof of Proposition 10. 
Moreover we will remember the following fact, equivalent to Proposition 
10: 

Fact 2. When I = r, the rank ofT{n) is nfor all n> 4. 

We have two direct consequences of Propostion 10. Unless otherwise men- 
tioned, Hp^j.^ (n) is assumed to be semisimple. 



-j^ \ n— 5 



det(5(5)oJ. , ^ 
det(Mo5). 



n— 5 

det(M). 
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Corollary 6. Let n be an integer with n > 4. If I = r, then there exists an 
irreducible "^"2"^'' -dimensional invariant subspace ofV. 

Proof: by Proposition 6, K{n) is irreducible. By Proposition 10, K{n) 
is "("^~^) -dimensional. This ends the proof. 

Corollary 7. Let n be an integer with n > 5. If there exists an irreducible 
(n-iXn-2) .^lyYiensional invariant subspace ofV, then I = —r^. 

Proof: Suppose n > 6. Let W be an irreducible ("~iK"^~^) -dimensional 
invariant subspace. Since for n > 6, we have 2n - 3 < < + 

1 = ("-iK"-^) ^ it comes dimW > 2n - 3, hence W n Vi / {0}. Also, 
^ _ I ^ (n-iKra-2) jj-j^p2igg ^j^Q^ W n Vo / {0}. Thus, by theorem 7 we get: 
^ € {r, — r^, j,2(„i2)-3 ) arid Z G {r, — r^, ^2(n-i)-3 j f^^i — fs^}- 

This only leaves the possibility I G {r, —r^} by semisimplicity of Hpr^^n). 
Now dim W = (" ^K" ^) implies that k{n) > "'-"^ + 1 and when I = r we 
have k{n) = ^'<^~^'> by Proposition 10. Hence the only possibility for I is in 
fact I = —r^. 

The case n = 5 

Suppose that there exists an irreducible 6-dimensional invariant subspace 
of V. Then we claim that there cannot exist an irreducible 5-dimensional 
invariant subspace of V. Indeed let's name them V5 and Vq. We have 

V5 ^ arid Vq C K{5). The existence of an irreducible 5-dimensional 

invariant subspace of V implies Z = r by Result 1; by Proposition 6, K{5) 
is irreducible as Z = r. Then K{5) = V5 = Vb, contradiction. Hence there 
cannot exist an irreducible 5-dimensional invariant subspace. Hence Z 7^ r. 
But 1/(5) is reducible, hence I G {-r\ -^ij. ^^r}. Since 6 > 4, Ve n V^^) 7^ 0. 
Hence, z/'^'*' is reducible and I G {— r'^,^.— ^.i}. Then / must take one of 
the two values — or ^. Since Z 7^ r, we have k{5) G {6, 7}. If I = \ then 
there exists a one-dimensional invariant subspace Vi of V^^^ which is in di- 
rect sum with Ve- Hence Zc(5) = 7andK(5) = ViSVe- IfZ ^ ;i^,thenZ = -r^ 
and A;(5) = 6. Then (5) is irreducible and K{5) =Vq. Let's push the study 
a little bit more. We have dim(V6 n V^^)) = 6 + 6 - dim(V6 + V^'')) > 2 and 
VenV^^) C ^(4). Hence, A;(4) > 2. Moreover, since Z ^ r, fe(4) G {3, 4}. Sup- 
pose k{4) = 4. Then K{A) is a direct sum of an irreducible 3-dimensional in- 
variant subspace of V*-"^) and of a one-dimensional one. Then / = 4^ = — r^. 
So = — 1. Then r^^ 7^—1 and I = —r^. Hence K{5) is irreducible. More- 
over / 7^ ^. Thus, if Z = ^, then A:(4) = 3 and K{4) is irreducible as Z 7^ r. 
Also it follows that / G { — ^, — r^}, hence either = —1 or = —1. We 
conclude that Corollary 7 holds for n = 5 in the case 7^ —1. Also, we 
deduce from this discussion that if K{4:) is reducible, then Z / ^. Hence 
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I = —r^ and K{5) is irreducible. Thus, K{4) and K{5) cannot be simulta- 
neously reducible. Suppose now that = —1. We will show that / = — r^, 
and this will prove that Corollary 7 holds in fact in any case. We have 
^ —1. Thus, ^ 7^ — r^. Suppose / 7^ — r^. Then I = ^. Then as seen 
above, K{5) = Vi ® Vq. Then k{5) = 7 > 4 and K(4) is irreducible as for 
instance K{5) is reducible. It follows that K{5) f) V^^'^ = K{4). In particular, 
we have K{A) C K{5). Also, by the above, when I = yj, we have A'(4) = 3. 
Thus, K{A) is irreducible, 3-dimensional. Since I = ^ = we know from 
Theorem 6 that K{A) is spanned over F by the vectors: 

Vl = {^+ 'T^ W12 + {wi2, — ^ ■"^23) + r {wii — ^ W24) 

(- + r) W23 + {w24 - - W34) - r{wi2 - - Wis) 
\r J r r 

(- + r) Wu - {Wl3 - - Wu) - {W23 - - W24) 



V2 
V3 



Let's compute the action of X35 on V2. By using the table in Appendix C, 
where we replaced Z by — ^, we have the equalities: 

^35-w^34 = -r Xa3+a4 by (ML)^ 

X35-W13 = ^ Xas+a4 by (SL)2 

-'^35-U'23 = 7: Xas+a4 by (SL)^ 

^35-^«24 = il-r){-^-r) Xa3+a4 by (CL)^^^^) 



Then it comes: 



/ 1\2 

X35-V2= \r+-j Xa3+a4 (156) 
2 



Since K{4) C K{5), we must have (r + = 0, a contradiction. Hence 

it is impossible to have I = ^ when = —1. Then I must take the value 
—r^, which ends all the cases. Conversely, if I = —r^, we claim that there 
exists an irreducible 6-dimensional invariant subspace inside V*^^^. Indeed, 
by Theorem 7, v^^^ is reducible, hence there exists an irreducible B(A4)- 
submodule of V. It cannot be 5-dimensional by Result 1 (Z / r); nor can it be 
4-dimensional (Z ^ {p, — ^}). If 7^ —1, it cannot be one-dimensional ei- 
ther. Then it must be 6-dimensional. Ifr^^ = —1, then we recall from Propo- 
sition 6 that k{5) > 6. Then there must exist an irreducible 6-dimensional 
submodule as well. Hence the Theorem: 

Theorem 8. 

Suppose n = 5. There exists an irreducible 6-dimensional invariant subspace ofV 
if and only if I = —r^. 

Finally we note that Corollary 7 does not hold for n = 4. Indeed, since 
(r^)^ 7^ 1, we have ^ 7^ -r^ and -r^. And when / e {h-^}, there 
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exists an irreducible ^-dimensional invariant subspace of V*^^^ by Theo- 
rem 6. 

We have a corollary of Corollary 7: 
Corollary 8. 

Let n be an integer with n > 4. 

i) If there exists an irreducible "'^^^"^^ -dimensional invariant subspace ofV, then 
there does not exist any -dimensional invariant subspace ofV. 

ii) If there exists an irreducible ("~^K"~^) -dimensional invariant subspace ofV, 
then there does not exist any "^"'^^ -dimensional invariant subspace ofV. 

Proof: we prove both points at the same time. Let's first assume n > 5. 
Suppose that there exists both an irreducible -dimensional invari- 

ant subspace V n(n-3) of V and an irreducible ("~iK"~^) invariant subspace 

2 

V (n-i)(n-2) of V. By Corollary 7, we have I = —r^. If r^" ^ —1, K{n) is ir- 

2 

reducible by Proposition 6, hence a contradiction. If r^" = — 1, then on one 
hand there exists a one-dimensional invariant subspace Vi of V, which is in 
direct sum with V (n-l)(u-2) . Hence we have Vi © V (n— 1) (n — 2) C K(n). Then 

2 2 

k{n) > ("-iK"-2) + 1. On the other hand, V n(n — 3) has a summand, say S in 

2 

K{n). Let's denote by s its dimension. Since k{n) > "^"2"^'' + 2, we must 
have s > 2. Since I = —r^, there does not exist any (n — 1) -dimensional 
invariant subspace inside V. Hence s > 2 implies in fact s > n — 1. Now 

if s > n, we have dim(V n(n-3) ®S)>n-\- lii!^ = "(""^^ : a contradiction 

2 

since A;(n) < "^"^"^^ . This ends the proof in the case n > 5. It remains to do 
the case n = 4. In this case, if there exists an irreducible 2-dimensional in- 
variant subspace of V^"^'', then / = r by Result 2; if there exists an irreducible 
3-dimensional invariant subspace of V^^^, then I G {— J'^jf,— f}by Theo- 
rem 6. Then it is impossible to have an irreducible 3-dimensional invariant 
subspace and an irreducible 2-dimensional one. 

When / = — r^, it appears that it is not as easy to show properties on the 
rank of the matrix T{n). However, we have the nice result: 

Proposition 11. Suppose Tip r^{n—l) is semisimple, I = —r^ and r'^^'^~^^ 7^ — 1. 
Then, 

k{n) > k{n - 1) (n - 2) 

Proof of the proposition: by proposition 9, point 1), we know under 
these assumptions that K{n — 1) c K{n). Thus, any vector that annihilates 
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the matrix T(n — 1) annihilates the matrix T{n). Let vi, U2, • • • , v^^-i) be a 
basis of K{n — 1). Define (n — 2) linearly independent vectors by: 

Vk = Wk+i,n - r Wk,n + r"""*^ Wk,k+i, k = l...n-2 

Claim 3. 

vi,V2,. . . , Vk(n-i),yi, ■ ■ ■ , Vn-2 c^fs k{n — 1) + (n — 2) linearly independent 
vectors of K{n) 

Proof of the claim: we want to show that the X^/s annihilate the 
Vfc's for A; = 1, . . . , n — 2. First, let's show that the last (n - 1) rows of the 
matrix T(n) annihilate these vectors. To that aim, we compute: 

{_j.k-j-2 iik < j 
-^-r^ ifk = j 

Let's fix a row of the matrix T(n) that corresponds to the action of a Xjn 
with 1 < J < n — 1. We want to multiply this row by the vector Vk- First, we 
let Xj „ act on the vectors Wk+i^n and Wk^n arid multiply the first resulting 
coefficient by 1 and the second resulting coefficient by —r, then add the two 
coefficients. 

* If A: > j, we get + = 

* If A; < j - 1, we get -r''-^-'^ + r'''^-^ = 

* If A; = j - 1, we get - + ^ = -r^ 

* If A; = j, we get — + 7 + = ^ 
Now fix a A; G {1, . . . , n — 2}. We have: 

Xjn-{wk+i,n -rwk,n) = except for j e{k,k + 1} 
Also, we have: 

[Xk+ 

[Xk,n-Wk,k+l] = - „n-fc+l 

[Xj,n-yJk,k+l] = if j {A:,/c + 1} 

Thus, we get: 

Vl<j<n-1, Vl<fc<n-2, Xjn.{wk+i,n - r Wk,n + r""^ Wk,k+i) = 

This shows that the last (n — 1) rows of the matrix T{n) annihilate the vec- 
tors Vk's, k = 1, . . . , n — 2. We will now show that the whole matrix T{n) 
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annihilates in fact these vectors. Given two positive integers s and t such 
that l<s<t<n — 1, we have: 



_^n-t+2 if s = k 

^n-s-2 iit = k 

{-r^ - r)(r'=-^+"-*-i - ^fe-^+n-t-S) Us <kandt> k 

otherwise 



_^n-t+2 
^n—s—2 

(— — r)(r 




k—s+n—t j,k—s+n—t—2\ 



ifs = k + l 
ift = k + l 

if s < k + l and t > A; + 1 
if = {k,k + l) 
otherwise 



[Xs,t-Wk. 



k+l 



j.t-k+1 
1 

j.t-k-2 

_„k-s+2 







if s = A; and t> k + l 
if s = A; + 1 and t> k + l 
at = k and s < k 
itt = k + 1 and s < k 
otherwise 



From these equalities, we derive: 

yt> k + l, Xk,t.Vk = (-r^-r)(r"-*-r"-*-2) + rr"-*+2-r"-*-^ 



Vs < A;, X,^k-Vk 
\/s <k, Xs,k+i-Vk 
^t>k + l,Xk+i,t.Vk 









j.n-s-2 _j_ ^n-k ^k-s-1 



n—s—2 



„2\/„n— s— 2 „n—s—4\ 



(157) 

(158) 

n—k ^fc— s+2 

(159) 



_^n-t-2 ^n-k ^k-t+2 



(160) 



Equalities (157), (158), (159) and (160) show that all the Xi/s with 1 < 
i < j < n — I annihilate the vectors V^'s, 1 < k < n — 2. Thus, we have 
shown that the first ("2 ^) rows of the matrix T(n) annihilate the vectors 
Vi, . . . , Vn-2- And with the work from before, all the rows of T{n) anni- 
hilate in fact the vectors Vi, . . . , T4-2- Thus, these vectors belong to K{n). 
Siace we picked the vectors v\,V2, ■ ■ ■ , Wfc(n-i) to form a basis of K{ti — 1) 
and since K{n — 1) is contained in K{n), the latter vectors also belong to 



121 



K{n). Finally, it is visible that all the participating vectors in Claim 3 are lin- 
early independent, thus, we conclude that the claim holds and Proposition 
11 as well. 

Corollary 9. Let n > 4. Assume that r"+i ^ -1, r"+2 ^ _ _ _ ^ ^2n ^ _i 
If there exists an irreducible "'■"2"^^ -dimensional invariant subspace of V, then 
l = r. 

Proof: we proceed by induction on n. When n = 4, if there exists 
an irreducible 2-dimensional invariant subspace of V, then I = r without 
any further assumption on r by Result 2. When n = 5, if there exists an 
irreducible 5-dimensional invariant subspace of V then I = r still without 
any further assumption on r by Result 1. Let n be an integer with n > 

6. Let's name W the irreducible -dimensional invariant subspace of 

V. Consider the intersection W n V*^"~^). Since dimVF = "^"-'^^ > n — I 
for any n greater or equal to 6, this intersection is nontrivial. Hence we 
get / e {r, -r^, as v^'^''^) is then reducible. Also, from 

W n V^""^) C K{n — 1), we derive the inequality on the dimensions over 
F: 

n(n — 3) , , — 5n , (n— l)(n — 4) ^ , , 

Kn-l) > ^ ^ ^ -(n-1) = ^—+1 = ^ '-^ ^-1 {^)n 

We note that rl^n + 1 > n - 2 is equivalent to (n - 1) (n - 6) > 0, which is it- 
self equivalent to ^^^^^^^ > 2n— 3. Let's first deal with the case n > 7, assum- 
ing that Corollary 9 holds for n = 6. Then / G {r, -r^, -p^, 73^}/ 
as is reducible (dim W > 2n - 3). Then I G {r, -r^}. We want to 

show that I = r. Suppose I = —r^. Since r^" 7^—1/ we have seen in Propo- 
sition 6 that K{n) is irreducible. Then K{n) = W and k{n) = if 
^2(n-i) ^ ^^Qj^ ^ application of Proposition 11 with k{n) = 
yields: 

n(n — 3) , , — 5n „ (n — l)(n — 4) 
k{n-l)< ^ ^ ^ -{n-2) = + 2 = ^ ^ 

Also, if r^("~^) 7^ -1 arid Z = -r^, then by Proposition 6, K{n - 1) is 
irreducible. Suppose first n 7^ 9. Then n — 1 7^ 8, hence, 

n-2< ^ ^ - 1< A; n - 1) < ^ ^ 

forces in fact k{n — 1) = (ZizlKlizl)^ as there is no irreducible invariant 
subspace of V^""^) of dimension strictly between (n — 2) and ("~^K"~^) . 
Also, if n = 9 i.e n — I = 8, then the inequality above reads 7 < 19 < 
k{8) < 20. Since the degrees of the irreducible representations of ^^^2(8) 
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are 1, 7, 14, 20, 21 and degrees higher or equal to 28, the case n = 9 is not 
different. Thus we get A; (n — 1) = (EzlKllzi), Then by induction hypothesis, 
the existence of an irreducible ("~^K"~^) -dimensional invariant subspace 
of V*^"~^^ implies I = r. This is a contradiction with I = — r^. Hence our 
hypothesis / = —r^ was absurd and / = r as announced. It remains to 
study the case n = 6. When n = 6, we find another argument to claim 
that the intersection n V^^^ is non trivial. Indeed, it suffices to notice that 
dimW + dimV(^) = 9 + 6 = 15 = dimV^^). Then, if the sum W + V(^) 
is direct, it comes W ® V(^) = V(^). Acting with 65 on both sides yields 
65 .V^^) = 0, which is a contradiction. Hence W n V^^^ 7^ and again in the 
case n = 6 we must have I G {r, — r^}. In particular, since 7^ —1, this 
implies that K{5) is irreducible. Further, the inequality {T)q reads k{5) > 
4. Thus, we have k{5) G {4, 5, 6}. Now k{5) = 4 is to eliminate as the 
existence of an irreducible 4-dimensional invariant subspace of V^^^ would 
force / G {^,-4}- Hence A; (5) G {5,6}. We show that in any case this 
forces I = r. And indeed if k{5) = 5, it is automatic with Result 1. Suppose 
now k{5) = 6. We show that it is not possible to have I = —r^. If I = —r^, 
since / — 1, an application of Proposition 11 with n = 6 yields: 

k{6) > fc(5) +4 

Hence it comes k(6) > 6 + 4 = 10. But since I = —r^ and r^^ 7^ —1, K{6) is 
irreducible by Proposition 6. Hence K{6) = W and k{Q) = 9: contradiction. 
Thus, we must have I = r. This ends the proof of Corollary 9. The next 
Corollary specifies the cases r^" = — 1 and uses the result of Corollary 9. 

Corollary 10. Let n be an integer with n > 4. Ifr"^^ = —I and there exists an 
irreducible "'■"2^'^'' -dimensional invariant subspace ofV, then 

Either k{n) = ^^^, k{n - 1) = ("-iK"-^) and l = r 
Or k{n) = (^-^K"-2) ^ _ 1) = (!izM!iz3) and I = -r^ 

Proof: Let's first assume n > 6. Following the proof of Corollary 9, 

the existence of an irreducible "("^ '^-' -dimensional invariant subspace of V 
forces / G {r, —r^, ^„_4 , — ^.„_4 , ,^,-2n-r, } snd I G {r, — r^, , — , ^^„_7 }, 
which forces in turn I G {r, — r'^}. If / = r, we already know from Propo- 
sition 10 that k{n - 1) = ("-iK"-^) and fc(n) = If I = -r^ since 
r^" = —1, there exists a one-dimensional invariant subspace of V, say 
Vi. By hypothesis, there also exists an irreducible -dimensional in- 
variant subspace, say V njn-a) , of V. The two vector spaces must be in di- 

2 

rect sum as V „(„-3) is irreducible. Hence we have Vi © V n(u-3) C K(n). 
2 2 

If this inclusion is strict, then k{n) > ("~iK"~^) and Vi © V n(n-3) has a 
summand in i^(n) whose dimension is strictly less than n — 1 (recall that 
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n{n^ _ (n-iKn-2) ^ ^ _ ly j^is is a Contradiction. Hence K{n) = 
Vi © V n(n-3) and k{n) = (ZiziMlizH), Xo complete the proof, it remains 

2 

to show that k{n - 1) = ("-^K"-^) . Since (^-^K"-^) > n - 1, we have 
K{n) n V("-^) 7^ 0. Hence K{n) n V^""^) C K{n - 1). It follows on the 
dimensions over F that: 

,(„-i)>(»-iK"-^)-(„-i),("-'K"-'') 

Here comes the use of Corollary 9: since r^" = -1, we haver" 7^ —1, r"+^ / 
— 1, . . . , r'^i^^'^) ^ —1. In particular r^^""^) / — 1 implies that K{n — 1) is 
irreducible. If k{n — 1) = ("-"^K""*^) ^ a licit application of Corollary 9 yields 
I = r, a contradiction with I = —r^. Thus, the inequality above can be 
bettered: 

t(„-i)>C-^K"-3) 

As for the other way, again since r^" = —1, we have r^^"~^) 7^ —1. Hence 
we may apply Proposition 1 1 . It provides us with the inequality: (''"^K""^) > 
k{n - 1) + (n - 2), i.e 

t(n-l)<'"-^f 

Gathering the two inequalities finally yields: 

(n-2)(n-3) 
k{n - 1) = ^ 

Finally the Corollary is true when n = 5 and in that case we know from 
before that I = r and k{5) = 5 and A:(4) = 2. As for n = 4, we also have 
? = r and A; (4) = 2. Moreover, it is true that fc(3) = since for i = r the 
representation 1/^^^ is irreducible by Theorem 7. 

Joining the results of Proposition 6 and Corollary 10 adds a bit of infor- 
mation to Proposition 6: 

Corollary 11. Let n he an integer with n > 4. If I = —r"^ and r^" = — 1, then 
either there exists an irreducible -dimensional invariant subspace ofV and 
k{n) = (-'f-^) or kin) > (-^f-^) 

Proof: first the corollary holds for n = 4 and n = 5. Indeed, for 
n = A, a I = —r^, there does not exist any irreducible 2-dimensional in- 
variant subspace of V (otherwise Z = r by Result 2). On the contrary, 
there exists an irreducible 3-dimensional invariant subspace of V by The- 
orem 6 and there exists a one-dimensional invariant subspace of V since 
I = —r^ = ^ (r^ = —1 by hypothesis). Those two invariant subspaces 
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are in direct sum. Hence A; (4) > 3. When n = 5, there does not exist any 
irreducible 5-dimensional invariant subspace of V (otherwise I = rhy Re- 
sult 1). By Theorem 8 there exists an irreducible 6-dimensional invariant 
subspace of V. This subspace must be in direct sum with the existing one- 
dimensional one. Hence k{5) > 6. Suppose now n > 6. If there exists 
an irreducible "^"2'^^ -dimensional invariant subspace of V, then by Corol- 
lary 10, case I = —r^, we have k{n) = ("~^K"~^) . Suppose that there does 

not exist any irreducible -dimensional invariant subspace of V. Since 

I = —r^ and r^" = — 1, we know from Proposition 6 that K{n) is reducible 
and k{n) > iK"-^) _ Since with our assumptions there must exist a one- 
dimensional invariant subspace Vi of V, if we had k{n) = ("--^K"-"^) ^ then 
this one-dimensional invariant subspace of V would have an irreducible 
"^V^^ -dimensional summand in K{n), impossible by hypothesis. Thus, 
k{n) > (n^lKzizH) + 1. 

Corollary 12. Let n he an integer with n > 4. lfl = —r^ and r^" = — 1, then 
either there exists an irreducible "^"2"^^ -dimensional invariant subspace ofV and 
k{n) = ("~^K"'~^) tjigfg exists an irreducible (""^K"'"^) -dimensional invariant 
subspace ofV and k{n) = 1+ ('^~^K"'~^) _ 

Proof: by Corollary 11, it suffices to prove that if there does not exist 
an irreducible -dimensional invariant subspace of V, then there exists 
an irreducible ('^"iK""^) -dimensional invariant subspace of V and k{n) = 

1 , (n-l)(n-2) 

± -r 2 

Let's first deal with the case n = 4. In this case, there does not exist 
any irreducible 2-dimensional invariant subspace of V (otherwise I = r, 
impossible with I = —r^). Further, by choice of / and r, there exists an 
irreducible 3-dimensional invariant subspace of V and a one-dimensional 
invariant subspace of V and their sum is direct. Then by uniqueness of the 
one-dimensional invariant subspace of V, it is impossible to have A; (4) = 5. 
Hence A;(4) = 4. This ends the case n = 4. 

When n = 5, by choice of / and r, we know that there exists an irre- 
ducible 6-dimensional invariant subspace of V (cf Theorem 8) and there 
exists a one-dimensional invariant subspace of V. Their sum is direct. It 
forbids A;(5) = 8 or k{5) = 9. Hence A:(5) = 7. Also, since I / r, there does 
not exist any irreducible 5-dimensional invariant subspace of V by Result 
1, hence we are done with the case n = 5. 

Suppose now n > 6 and suppose that there does not exist any irre- 
ducible "^"2'^^ -dimensional invariant subspace of V. By Corollary 11, we 
have k{n) > 1 + (""^K""^) . in particular k{n) > n — 1, hence the intersec- 
tion K{n) n V*^"^^^ is non-trivial. Further, since r^™ = — 1 by hypothesis, we 
have r^("~^^ 7^ —1. Hence by Proposition 6, K(n — 1) is irreducible. Thus 
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we get K{n) n V*^" = K{n — 1). From there, we have: 

k{n - 1) = k{n) + - ^K" ~ ^) _ dim(ii:(n) + V^""^)) 
Hence, we get: 

k{n - 1) > k{n) - (n - 1) 

that we rewrite: 

A;(n) < A;(n- 1) + (n - 1) 

Since we already know that k{n) > 1 + IliiiiMlizH)^ it suffices to show that 
k{n — 1) = ("~^K"~^) to get the desired result. To that aim, we show a 
lemma: 

Lemma 9. Let n > 3. J/r"+i 7^ -l,r"+2 ^ -1, . . . ,r2" 7^ -1 and Z = -r^. 

Proof of the lemma: when n = 3 and Z = -r^ and 7^ -1, 
there exists a unique one-dimensional invariant subspace of V. Moreover, 
there does not exists any irreducible 2-dimensional invariant subspace as 
I {—1, 1}. Thus we have k{3) = 1. When n = 4 and I = —r^, there ex- 
ists an irreducible 3-dimensional invariant subspace of V. Moreover, since 
I 7^ r, there does not exist any irreducible 2-dimensional invariant sub- 
space of V. Hence k{A) / 5. Also since 7^ — 1, there does not exist any 
one-dimensional invariant subspace of V, hence fc(4) / 4. Thus, we have 
/c(4) = 3. Let's also do the case n = 5. By Theorem 8, there exists an irre- 
ducible 6-dimensional invariant subspace of V. Hence k{5) > 6. Since there 
does not exist any one-dimensional invariant subspace of V, k{5) cannot 
equal 7, 8 or 9. Thus we have fe(5) = 6. Let n > 6. Under the assumptions 
on I and r, we know that there does not exist any one-dimensional invariant 
subspace of V by Theorem 4, there does not exist any irreducible (n — 1)- 
dimensional invariant subspace of V by Theorem 5 and there does not exist 
any irreducible -dimensional invariant subspace of V by Corollary 9. 

Moreover, by Proposition 6 when I = —r^ and r^" 7^—1/ we know that 
K{n) is irreducible. We recall that when n = 6, 7 orn > 9, the irreducible 
representations of TC p^r^ (n) have degree 1, n — 1, liil^i^^ (n-iXn-2) ^ 
gree greater than (ZLiiKZLiH) . Hence, for these values of n, we must have 
k{n) > . Whenn = 8, we must have A;(8) G {14,20,21}. Since 

k{7) > 15 and since K{7) C K{8) by Proposition 9 (as r^"^ 7^ -1), it is im- 
possible to have A; (8) = 14. Hence, the case n = 8 is not exceptional and we 
must have k{8) = 21. In any case, we have k{n) > IZizlKllzH) vVe will show 
conversely that k{n) < (ZinlMlLiH) jt ig equivalent to show that the rank of 
the matrix r(n) is greater or equal to n — 1. We have the lemma: 
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Lemma 10. Let n be an integer with n > 5. Suppose r^" 7^ —1. Then, 

l = -r^ ^ rk{T{n)) >n-l 

Proof of the lemma: we computed with Maple the determinant 
of the submatrix of T{5), composed of subcolumxis 1, 3, 4, 7 and subrows 
1,3,4,7. We define: 

S{5) := submatrix(T(5), [1,3,4,7], [1,3,4,7]) 
in Maple notations. The value of the determinant of S{5) is 



For future reference, define TZ^ = C5 := [1, 3, 4, 7]. Next, given n > 6, we 
inductively build from S'(n— 1) a submatrix S{n) of T(n) by adding the sub- 
row correponding to the action of „ and the subcolumn correspond- 
ing to the vector iU4,„. Explicitly, we have: 

S{n) := submatrix(^(n),7^„_l@[(^''^ 2 ^^""""^^^^ 

And on Figure 2 is how the matrix looks like. We will show that when 
r^" / — 1, the determinant of this matrix is nonzero. In fact we have: 

Proposition 12. 

^1 + /-^ + ■ ■ ■ + /-'-("-i) 



det{S{n)) = (-1) 



n+l 



o I n(n— 5) 

j,o-r 2 



Proof of the Proposition: by construction, there are only two nonzero 
coefficients on each of the ((2) -I- l)-th rows of the matrix 8(71) for k = 
5,. . . ,n— 1 and they are respectively given by: 

[Xk,k+i-^^,kL,,,+, by (5L)fc_4 (161) 



[Xk,k+i.w,,k+iU ,^, = --r^ by {TL)k-A (162) 

These coefficients are the ones corresponding to the columns C^fe-i-j^^^_^^ 
and C^fej_,_(^_3). In particular, doing the operation 

C(V)+(n-5) ^^(V)+("-5) +'''^("^')+{"-4) 

on the columns makes a zero appear on the last row, making all the coeffi- 
cients of the last row zero except — ^3 ^i-e . Hence the determinant of S{n) 
is: 

det(5(n)) = -l^det(5(n-l)) 
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where S{n — 1) is obtained from S{n — 1) by replacing C ^n-2^^_^^^_^s^(JZn-i) 

with C(n-2)^(^_5^ (7^„_l) + C(n-l^^(„_4) (7^„-l). 

It comes: 

det(5(n - 1)) = det(5(n - 1)) 
det(Cl(7^„_l), . . . ,C^n-3^^(^_g)(7^„_l),C^n-2^^(^_5)(7^„_l),C^n-l^_J_^^_4^(7^„_l)) 

The second determinant in the sum above is: 



(-l)(-^)(-i)---(-;i7)detai,3,4,7],[l,3,4, 



n — 1 
2 



+ (n-4)]) 



We computed with Maple det([l, 3, 4, 7], [1, 3, 4, 12]) and found the value r^. 
Then, 

— 1^ 
2 



det([l,3,4,7],[l,3,4, 



+ (n - 4)]) = r"+^ 



Thus, we get: 



det(5(n)) = -1 ^ det5(n - 1) - (-If .le)^^-.) 



Let's proceed by induction on n and assume that Proposition 12 holds for 
S{n — 1). Then, replacing det(5'(n — 1)) by its value yields the new equality: 



det(5(n)) = (-1) 



ri+l 



1 



rU — Q 



1 + _|_ . . . _)_ ^4(n-2) 

, -I , (n-l)(n-6) 



+ 



(n-6)(n-7) 
7" 2 



And by reducing to the same denominator, we get: 

1 -I- 7-4 _| _|_ ^4(n-l) 



det(5(n)) = (-1) 



n+l 



n(n — 5) 



' 2 



As mentioned at the beginning of the proof of Lemma 10, the formula in 
Proposition 12 holds for n = 5. Furthermore, we deduce from it the value 
for det(S'(6)). Indeed, by adding to the 7-th column times the 12-th col- 
umn, we see that: 

det(5(6)) = X (det(5(5))+r3det([l,3,4,7],[l,3,4,12])) 

_ 1 / 1 _)_ 7.4 _,_ ^8 _,_ ^12 _^ j,16 ^ 



]^ _j_ ^4 _j_ j,8 _j_ j.\2 _j_ ^16 _j_ j,20 

In 



So Proposition 12 also holds for n = 6. Then, by induction. Proposition 12 
holds for every n > 5. 
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Figure 2 

This achieves the proof of Lemma 9. Let's go back to the proof of the 
Corollary. Since when r^" = — 1, we have 



r" 7^ -1, r"+^ ^ -1 
by Lemma 9, we get k{n — 1) 



, r 



,2(n-l) 



7^-1, 



(n-2)(n-3) 
2 



it follows that k{n) 



1 + 



(n-l)(ra-2) 



. As already explained above. 
Then there exists an irreducible 



^^^—i^^^—^ -dimensional invariant subspace of V. This ends the proof of 
Corollary 12. Thus, Proposition 6 can be slightly bettered and rewritten 
in the following way: 
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Proposition 13. 

Let n he an integer with n > 4. 

YThen I = r, K{n) is always irreducible. 

Let n he an integer with n > 3. 
Vsfhen I = —r^, there are two cases: 

1) ^2n _^ K{n) is irreducible 

2) r^" = — 1 and K{n) is reducible. Moreover, when n> 4, 

a) Either there exists an irreducible "^^^^ -dimensional invariant subspace, 

K{n) is the direct sum of an irreducible "^"2"^^ dimensional invariant sub- 
space and of the unique one-dimensional invariant subspace and 

k(n) = ("-^f-^) . 

h) Or there exists an irreducible (^~^K"~^) -dimensional invariant subspace 
K{n) is the direct sum of an irreducible ("-^K"-^) -dimensional invariant 
subspace and of the unique one-dimensional invariant subspace and 

k(n) = 1 + in-^f-2) _ 

(Case n = 3) There exists exactly two one-dimensiorml invariant subspaces of V 
and K(3) is the direct sum of these two one-dimensional invariant subspaces. 

In the case n = 5, we have a Corollary of this Proposition: 

Corollary 13. If I = -r^ and ifr^^ = -I, then: 

Proof: Suppose that = -1. Then / -1, so K{A) is irreducible. If 
K{b) + V^^-* is strictly contained in V^^-*, then its dimension as a vector space 
over F is less than 10. Then it comes: 

dm\{K{b) n V^^)) = k{b) + 6 - dim(ii:(5) + V^^^) > A;(5) + 6 - 9 = A:(5) - 3 

Since by Proposition 13, we know that A;(5) G {6, 7}, the fact that A;(5) > 4 
implies that the intersection K(Jj) H V^^-* is nonzero. Thus by irreducibility 
of K{4), we have if (5) n V^^^ = if (4) and the inequality above reads: 

fc(4) > fc(5) - 3 

Moreover, when I = — r^, there exists an irreducible 3-dimensional invari- 
ant subspace of V*^^). Since if (4) is irreducible, it must be if (4). Hence 
A: (4) = 3. Thus, the inequality above becomes: 

A;(5) < 6 
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Then A;(5) = 6. Then by point 2)a) of Proposition 13, there must exist an 
irreducible 5-dimensional invariant subspace of V*^^). But this forces I = r 
by Result 1: a contradiction. Thus, the vector spaces K{5) + V^^^ and V^^^ 
have the same dimension and they are actually equal. 
In fact Corollary 13 generalizes to each n by noticing that the linearly inde- 
pendent set of vectors 

g:= V("-i)u{T4, 

of K{n) + V^""^) of cardinality — i does not span the vector space 

K{n) + V^"-^) when r^" = —1. Explicitly, we will prove the following 
Proposition: 

Proposition 14. Let n be an integer with n > 5. Suppose I = —r^ and r^" = — 1. 
Then, 

K{n) + V("-^) = V(") 

Proof. Suppose that K{n) + V^"-^) = Span^(yi, . . . , K-2) V^"-^). If 
I = — r"^ and r^" = — 1, then I = ^^^^i . Hence, there exists an irreducible 
1-dimensional invariant subspace of V^"^. Moreover, by Theorem 4, it is 
spanned by 

l<s<t<n 

Thus, if the equality above holds, the vector 

Wi^n + r W2,n + ^3,71 H 1" ^""^ Wn-l,n 

must be a linear combination with coefficients in F of the (n — 2) vec- 
tors Wk+i,n — rwk^n where k = 1, . . . ,n — 2. A direct verification shows 
right away that this is impossible. Then the set 5 is a linearly indepen- 
dent set of K{n) + V^'^~^^ of cardinality — 1, which does not span 
K{n) + V'"^^). This shows that the dimension of K{n) + V*^"^^^ must be 
greater than '^^'^^^^ — hence must in fact equal ""^""^^K the dimension of 
V("). Thus, K{n) + V("-^) = V("), as announced. 

Proposition 14 now allows us to give a more accurate version of Propo- 
sition 13, point 2), as it shows that point a) cannot occur. 

Proposition 15. 

Let n be an integer with n > 4. 

Yfhen I = r, K{n) is always irreducible. 

Let n be an integer with n > 3. 
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When I = —r^, there are two cases: 



1) r^" / — 1 and K{n) is irreducible 

2) r^" = — 1 and K{n) is reducible. 



Moreover, when n > 4, K{n) is the direct sum of an irreducible (" ^K" 
dimensionul invariant subspace and of the unique one-dimensional invariant 
subspace and k{n) = 1+ ("~^K"-~^) _ 

(Case n = 3) There exists exactly two one-dimensional invariant subspaces 
of V and K(3) is the direct sum of these two one-dimensional invariant 
subspaces. 

Proof: Point 1) was already proven in the proof of Proposition 13 or 
its former version, and there is nothing more to add. Hence, let's prove 
the new version of point 2). Assume first n > 5. Suppose that I = —r^ and 
r^" = — 1. By Proposition 13, point 1), K{n—1) is irreducible, as under these 

assumptions on / and r, we have I = —r^ and r^("~^) ^ —1. Moreover, by 
Proposition 13 point 2) this time, k{n) is "big enough" so that i^(n) n V^"~^^ 
cannot be trivial. Explicitly we have ("■^^K"^^) > ^ _ x for all n > 5. 

Hence we have: K{n) n V^^""^) = K{n-l) 

By Proposition 14, we also have: i^(n)+V("-^) = V(") 

Both equalities yields the equality on the dimensions: 

(n-l)(n-2) n{n-l) 



2 

k{n) — (n — 1) 



k{n - 1) = k{n) + 
Thus, we get: 

k{n) = k{n - 1) + (n - 1) (163) 

Following the result of Proposition 13, only two cases are possible: 2)a) or 
2)b). Suppose 2) a) holds. Then there exists an irreducible -dimensional 
invariant subspace of V^"). By Corollary 10 we must have 

t(„)=("-^("-^) & t(„-i) = ("-^H"-3). 

a contradiction with (163). Hence the hypothesis 2)a) was absurd and 
2)6) holds: there exists an irreducible ("^-^K"-^) -dimensional invariant sub- 
space of V^"'' and k(n) = 1 + _ Xo achieve the proof, it remains 
to deal with the case n = 4. In that case, there exists a one-dimensional in- 
variant subspace and an irreducible 3-dimensional one, and they must be 
in direct sum. Hence, again, situation 2)6) holds. 
In turn. Corollary 10 can be rewritten: 
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Corollary 14. Let n be an integer with n > 4. Suppose r^" = — 1. If there exists 
an irreducible -dimensional invariant subspace ofV, then I = r. 

9.3 A Proof of Theorems C and D 

We are now in a position to give a complete characterization for the irre- 
ducible representations. We gather our two main results in the following 
theorems: 

Theorem 9. Let n be an integer with n> A. There exists an irreducible llkllz^- 
dimensional invariant subspace ofV if and only ifl = r. 

Theorem 10. Let n be an integer with n > 5. There exists an irreducible (ZiniKZLiH) . 
dimensional invariant subspace ofV if and only if I = —r^. 



Before we start the joint proof of these two theorems, let's gather some 
known facts from earlier. In chronological order, we have the following 
results: 

• For n > 4: if / = r, then there exists an irreducible "^"^"^^ -dimensional 
invariant subspace of V. ( Corollary 6) 

• For 77, > 5: if there exists an irreducible ^^^—^^^^—^ -dimensional invari- 
ant subspace of V, then I = —r^. (Corollary! ) 

• For n > 4: V cannot contain both an irreducible -dimensional 
invariant subspace and an irreducible (^~^K"~2) -dimensional one. 
(Corollary 8) 

• For n > 6 and r^^""-^) ^ —1: if I = — r^, then fc(n) > k{n — 1) + (n — 2). 
(Proposition 11) 

• For n > 4 and r"+^ / —1, r"+^ 7^ —1, . . . , r^" 7^ —1: if there exists 
an irreducible ^^^^^^ -dimensional invariant subspace of V then I = r. 
(Corollary 9) 

• Forn > 5 and r^" ^ -1: if I = -r^, then k{n) < IliziKlizH) . 
(Lemma 10) 

• For n > 3 and r^" 7^ — 1: if Z = — r^, then K{n) is irreducible 
(Proposition 15) 

• For n > 4 and r^" = —1: if I = —r^, then there exists an irreducible 
^^^=i^^-invariant subspace of V. Moreover, k{n) = ("-^K""^) + 1. 
(Proposition 15) 
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• Forn > 4andr^" = — 1: if there exists an irreducible "^"^ ^^ -dimensional 
invariant subspace of V, then I = r. (Corollary 14) 

The proof itself: Given n > 5, it remains to show that if r^" 7^ -1 and 
r^* = — 1 for some integer < s < n — 1, then the following two state- 
ments hold: 

statement 1: if there exists an irreducible "^"2"^^ -dimensional invariant sub- 
space of V, then I = r. (51) 

statement 2: if / = -r^, then there exists an irreducible (''"^K""^) -dimensional 
invariant subspace of V. {S2) 

We will prove by induction that: 

Vn > 5, {Vn) 

where 

(T'n) : if r^" / -1 and r^^ = -1, some integer ^^^^ < s < n - 1, then (51) and (52) 

First, (7^5) holds: (51) is true by Result 1; (52) is true by Theorem 8. Let 
n be an integer with n > 6 and suppose that {Vk) holds for all 5 < /c < n — 1. 
Let's first deal with the case r'^^ = —1 for some integer < s < n — 1. 
In particular, we have r'^(^^^^ / —1 and r^* = —1 with s + I < n. By 
induction hjrpothesis, {Vs+i) then holds. Since we assume I = —r^ in (52), 
there exists an irreducible ^^^^ -dimensional invariant subspace of V^*+^^. 
Moreover, since for I = —r^ and r'^(^~^'^) / — 1/ K{s + 1) is irreducible, we 
get A;(s -I- 1) = ^^^j^- Then we show by induction on I that: 

Vs + 2 < Z < n, k{l) = ~ ~ ^) (164) 

For I = s + 2, since r*+^ / — 1 and s > 4, we may apply point number 4 
with n = s + 2. It yields: 

sis — 1) s(s + l) 

k{s + 2)>k{s + l) + s= ^ ^ +s= ^ ^ 



2 2 

Moreover, by point number 6 above, with n = s + 2, we also have: 

s(s + l) 
k{s + 2)<^^ 

It follows that k{s + 2) = Let / be an integer with s + 3 < I < n and 

suppose equation (164) holds for the integer I— 1. Again, since r^^'"^) 7^—1/ 
point number 4 forces: 

m, > HI - 1) + (i - 2) = " - -y - + (i - 2) = " - "!:' - 
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And since r^' 7^—1, point 6 again forces: 

Thus, equation (164) holds for each s + l < I < n and in particular holds for 
n. Then K{n) is irreducible and (^~^K"~^) -dimensional, so that {S2) holds. 

Now, if there exists an irreducible "^"2"^^ -dimensional invariant subspace 
of V, then I cannot equal — by (S2) and point number 3. Also, if k{n) > 

then K{n) n V("-i) / {0}, otherwise k{n) < n - 1, but > 
n for every n > 5. Assume first n > 7. Then, if k{n) > Mzii^^ then 
K{n) n V("-2) {0}, otherwise k{n) < 2n - 3, but ^^^^^ > 2n - 3 as soon 
as n > 7. Then it comes: 

r ^ 1 ^-1 r ^ 1 ^-1 

This only leaves the possibility I = r. It remains to deal with the case 
n = 6. When n = 6, s must be 4 and the only possibilities for I are Z = r or 
I = ^. We will show that the second possibility for I is to be excluded. And 
indeed, if there exists a one-dimensional invariant subspace of V^^^, and an 
irreducible 9-dimensional one, these must be in direct sum, which forces 
k{<o) > 10 and in fact A;(6) = 10. Since ^ must equal ^ or — ^, there must 
exist a unique irreducible 4-dimensional submodule of V^^^ that is the only 
submodule of V(^\ Thus, k{5) = 4. Now, from the inclusion 

K{6) n V(^) C K{5), 

we derive on the dimensions: 



k{5) > k{6) - 5, 

so that 

k{6) < k{5) + 5 = 4 + 5 = 9, 

a contradiction with A; (6) = 10 as mentioned above. Hence the case n = 6 
is no exception and (SI) also holds in that case. 

Suppose now r^" 7^—1 and r^("~^) = —1 and let's show {SI) and 
{S2) under these assumptions. Let's first do it for n = 6. We assume 
that r^^ 7^ —1 and = —1 and try and show (-SI). Suppose there ex- 
ists an irreducible 9-dimensional invariant subspace of V*^^) and suppose 
I = —r^. Let's first determine k{5) and k{6). Since I = —r^ and r^^ = — 1, 
there exists a one-dimensional invariant subspace of V^^^. Moreover, since 
I = — r^, there also exists an irreducible 6-dimensional invariant subspace 
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of V*^^^. Moreover, there cannot exist any irreducible 4-dimensional in- 
variant subspace of V*^^^ when / = — and there cannot exist any irre- 
ducible 5-dimensional invariant subspace as well. Hence we have A;(5) = 7. 
Since r^^ / —1 and I = —r^, we also know from points 6 and 7 that 
k{6) G {9, 10}. Since there exists an irreducible 9-dimensional invariant 
subspace of V*^^) by hypothesis, if A;(6) were equal to 10, there would also 
exist a one-dimensional submodule of V^^\ which would force I = j^- But 
when I = —r^ and r^^ / — 1/ this is impossible. Hence we have A;(6) = 9. 
Consider now the intersection K{6)nV^^^ . The Hp^r^ (5)-module K(6)r\V^^^ 
is contained in K(6) J,-^^ ^(s)- ^7 semisimplicity of 7^^^2(5), there ex- 
ists an 7^^^2(5)-submodule S of K{6) J,-^^ ^(5) which is a summand for 

i^(6)nV(5)©5 = i^(6)iH^^^,(5) (165) 
Let's study the dimension of K(6) O V^^^ . First, we have the inequality: 

dim(i^(6) n V(^)) > 9 + 10 - 15 = 4 

If the dimension of K{6)nV^^^ were 4, K{6)nV^^'^ would have a 3-dimensional 
summand in K(5). This is impossible; if the dimension of K(6) n V^^-* were 
5, K(6) n V^^) would have a 2-dimensional summand in K{5). This is im- 
possible by uniqueness of the one-dimensional invariant subpsace of V'-^-*. 
If now dim(i^ (5) n V^^) ) = 6, then by (165) the dimension of S would be 3. 
We show that this is impossible. 

Lemma 11. Under the hypothesis I = —r^ and = —1, it is impossible to have: 

< S is aTC p^^2 (5)-module 
dim S = 3 

V 

Proof of the lemma: it suffices to show it when dim 5 = 1. We leave the 
proof for later in a more general setting (cf Lemma 13). 

Assuming the lemma holds, the dimension of K{6) n V*^^^ must hence be 7. 
But then 

K(6)nv(^) =^(5), 
which implies in particular: 

K{5) C K{6) 

But if K{5) C K{6), the inequality of point 4 above becomes true, although 
= — 1 and we must have: 

k{6) > k{5) + 4 
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With A:(6) = 9 and k{5) = 7, this inequality yields a contradiction. 

Partial conclusion : we have proven that if there exists an irreducible 9-dimensional 
invariant subspace of V*^^-*, then / cannot equal —r^. Then / G 
We have the general lemma: 

Lemma 12. Let n be an integer with n > 5. if r^("~^) = —1 and there exists an 
irreducible -dimensional invariant subspace ofV, then I G {r, — r^}. 

Proof of the lemma: Let's denote by W the irreducible -dimensional 
invariant subspace of V. Forn > 5, we have ^^^^ > n- 1, hence VFnV("-^) 
is not trivial and so ^ G {r, — r^, , —-^}- Also since v'^'^^ is re- 
ducible we have: I e {r, -r^, -J^, --^}. Thanks to the hypothesis 
^2(n-i) _ n is impossible to have 

1 _ e 

j.2n—3 j.n—4 

as Otherwise r^("+^) = 1 and r^^"~^) = — 1 would force = —1, which is 
excluded. Since it is also impossible to have = and = 
we see that / G {r, — r"^}. 

In fact, we have the more general proposition: 

Proposition 16. Let n he an integer with n > 5. Lemma 12 holds even without 
the assumption r^("^^) = -1; if there exists an irreducible -dimensional 
invariant subspace ofV, then I G {r, —r^}. 

Proof of the proposition: by an argument repeated many times in the 
past, the existence of an irreducible "^"2 '^'^ -dimensional invariant subspace 
of V implies that I G {r, — r^, ^^^,3 }. If I = ^^n-s / then there must exist a 
one-dimensional invariant subspace of V. Denote it by Vi and denote the 

irreducible "^"2"^-* -dimensional invariant subspace of V by V n(n-3) . 

2 

Let V := Vi e V n(r.-3) 
2 

V is (^~^K"~^) -dimensional. The equation 

'"-^'<"-^>>2„-3 
2 

is equivalent to 

-7n + 8>0, 

thus holds for every n. It follows that V n V'^"^^) is not trivial, so that 
I G {r, -r^, ^^5^,7, -^7^} and I G {r, -r^, ^3^, -^}, which 
leaves the only possibilities / G {r, — r^} for L 
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Let's go back to our case n = 6. Applying the proposition with n = 6 
excludes the possibility / = pj. Thus, we have shown (SI) when n = 6 and 

= — 1 but r^^ 7^—1- From there we easily deduce (52) under the same 
assumptions. Indeed, if / = —r^, the representation u^^^ is reducible, hence 
V^^^ must have an irreducible submodule, which is also an Hp^r^ (6)-module 
by the old lemma 6. The irreducible representations of Hpr^{6) have de- 
grees 1, 5, 9 or 10. The hypothesis r^^ ^ —1 forbids to have / = = 4j. 
So there carmot exist any one-dimensional invariant subspace of V'-^^ . Since 
it is also not possible to have — G i^,—^}, there does not exist any irre- 
ducible 5-dimensional invariant subspace of V^^^ by Theorem 5. Moreover, 
the existence of an irreducible 9-dimensional submodule of V^^^ would 
force / = r as we just saw in the proof of (5*1). Then the only remaining 
possibility is that there exists an irreducible 10-dimensional invariant sub- 
space of V^^). Hence (82) holds for n = 6, = -1 and r^^ ^ -1. We note 
that by showing the statements (SI) and {S2) under these conditions and 
together with all the previous considerations, we have actually shown the 
theorems 9 and 10 for n = 6. 

To finish the proof of (Vn) by induction, let's go back to the general case 
under the assumptions r^" 7^ ~1 and r^^""^) = — 1. First let's deal with 
the proof of (SI). Suppose there exists an irreducible "(^^^"3) -dimensional 
invariant subspace of V*^"-*. By Proposition 16, we know that / G {r, —r^} 
and we want to show that I = r. We will follow the same path as in the case 
n = 6. Suppose / = — r"'. Since / = — r'^ and r'^i^^'^) = we have by point 
number 8 that ^(n - 1) = 1 + ("-^K"-^) _ vVith / = -r^ and r^" / -1, we 
also know from point 6 and 7 that k{n) G { ^ (n-i){n-2) | ^-^^ 

later on in the proof that this is still true when n = 8 and admit it for now). 
Since there exists an irreducible "^"^"^^ -dimensional invariant subspace and 
there does not exist any one-dimensional invariant subspace, we must have 
k{n) = lii!^. Let 5be a summand for K{n) n V^""^) in K{n) j^^^^^Cn-i): 

Kin) n V(^-i) ®S = Kin) i>i^_^,(n-i) (166) 

We have 

dMK{n) n v(-^)) > " ^^^"^ - - 1 

Then we must have 

dim(i^(n)nV(-^))>^^^^^|^ 

Moreover, 

Kin) n V^"-^) C Kin - 1) 
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implies that 

dim(i^(n)nV("-^))<l + ^^^^^^^ 

If dim(K(n) n V("-i)) = 1 + we get K{n) n V^""^) = K{n - 1) 

which would imply that K{n — 1) C K{n). Then it comes: 

, / N ,/ ,x / (n — 2)(n — 3) , , (ra — 2)(n — 1) 
k{n) > k{n-l) + {n-2) = ^ '-^ '- + {n-2) + l = ^ '-^ ^ + 1, 

a contradiction. Hence we must have dim(K(n) n V^"^^)) = _ 
But then, from equation (166), the Hp^r^{n — l)-module S would have di- 
mension n — 3. By James'result in Proposition 3 of the thesis, S must then 
contain a one-dimensional 'Hpj.2{n — l)-submodule, say U. When n = 7, 
we also use the fact that there is no irreducible representation of 7^f^2(6) 
of degree between 1 and 5. 

Lemma 13. Let n he an integer with n > 5. Suppose I = — and r^^""^) = —1. 
In K{n), there does not exist any one-dimensional Tip^r^{n — l)-module. 

Proof of the lemma: suppose such a module U exists and let 

n = ^ pij Wij 

l<i<jr'<n 

be a spanning vector of U over F. By the same arguments as in the proof 
of Theorem 4, we must have: 

VI < z < n — 2, i'i{u) = Xu where A G (r, — -} 

It follows from these relations that for every node i with 1 < i < n — 2, we 
have: 

"ik > i + 2, pi+i^k = Xpi,k (167) 
VZ < i - 1, jii-i+i = Xpi^i (168) 

From there, we see that if one of the coefficients figt, some 1 < s < t < n — 1, 
is zero then all of the coefficients fiij for 1 < z < j < n — 1 are zero. Suppose 
we are in this situation. Then u reduces to: 

n—1 
i=l 

But we have: 

ei.win = -r'^wi2 
ei.W2n = r'^~^wi2 
ei . Wjn = V3<j<n — 1 
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Then u would not be annihilated by ei, which is impossible. If none of 
the coefficients for the Wi/s with l<i<j<n-l are zero, in particular 
/X34 is nonzero. Then by the same argument as in the proof of Theorem 4, 
case n > 4, the coefficient A must be r and not —K Thus, u can be written 
as: 

n-l 

„ = r'+^ Wij +nY^ r^+" Win 

l<i<j<n—l 1=1 

Like we did in the proof of Theorem 4 (cf equation (72)), let's look at the 
action of ui on u and the resulting coefficient in wu- This time we get: 

n— 1 

y^ry+i,-r^''-l = r^ (169) 

After simplifying this expression and replacing by its value —1, we 

obtain: 

r 

Then it comes = 0, so that ?7 is in fact spanned by 

u = r*"'"-' Wij 

l<i<j<n-l 

We note that we recover the fact that I = ^^i-s (when r^^""^'' = — 1, we can 
check that ^^i-s = — r^). To conclude, it suffices now to look at the action 
of en-i on u. We have for every i with 1 < i < n — 1: 

1 

e-n-l- Wi^n-1 — '^n-l,n 

Then, it comes: 

'*-2 ^ '2\n-2 



1 _ (7.2) 

Sn-l.U = r ^(r^)* Wn-l,n = — 7^— 



i=l 



Wn-l,n 



Then, Cn-i-u is nonzero as r^("~^) / 1. Then U is not contained in K{n): a 
contradiction. On the way, we recovered the result from Proposition 9 that 
when n > 5, Z = —r^ and r^^^^^^ = —1, K{n — 1) ^ K(n), where we used 
the same action on the same vector. 

Now Lemma 13 holds and we have hence proven that it is impossible to 
have I = —r^. Thus, I = r and {SI) holds. Let's finally prove (-S'2). If 
I = —r^, then i^^"^ is reducible. Moreover, if r^" 7^ —1, we know that 
K{n) is irreducible by point 7 and k{n) < ("'-^K"--^) -^^ point 6. Suppose 
first n = 7 or n > 9. Then an irreducible "^^^2 (n)-module has dimen- 
sion 1, n - 1, (n^lKliz^ or dimension greater than (JlzM^. Since 
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I = —r^ and r^" ^ —1, K{n) cannot have dimension 1. Neither can it have 
dimension n — 1 (as otherwise / G { , — }). Then it must have dimen- 
sion or ("-^K"-^) . If it had dimension then we would have 
I = rhy (SI). So we see that K{n) must have dimension (" ^K" ^) ^ Thus 
(52) is proven for n = 7 or n > 9. The case n = 8 is ia fact not different, 
but needs to be slightly adapted. Recall that the irreducible representa- 
tions of 7^^^2(8) have dimensions 1, 7, 14, 20, 21 or dimensions greater than 
or equal to 28. Still by points 6 and 7, we have K{8) is irreducible with 
k{8) < 21. Then k{8) G {14,21} by the same arguments as in the cases 
n = 7 orn > 9. If A;(8) = 14, then dim(/s:(8) n V^^)) > 7. By point number 
9, the existence of an irreducible 14-dimensional invariant subspace of V^^^ 
must be excluded. Also, by semisimplicity of HF^r^{8), it is impossible to 
have —r^ € {-^, — -^}. Then K{8) D V*^^^ must have dimension 1 + 15 = 16, 
which is also the dimension of i^(7) when / = — r"^ and r^^ = —1. Then 
we get K{8) n V(^) = K{7) and in particular it comes K{7) C K{8). This 
leads to a contradiction as any spanning vector for the one-dimensional in- 
variant subspace of V*^"^-* does not belong to K{8). So we have shown that it 
is impossible to have fc(8) = 14 and the only remaining possibility is thus 
to have k{8) = 21. This shows (52) in the case n = 8 and r^^ ^ —1 and 
= -1. 

To summarize, we have proven that (51) and (52) hold when r^" / — 1 
and r^("~^^ = — 1. We have also proven that (51) and (52) hold when 
^2n ^ _i and r'^^ = 1 for some < s < n — 1 (and that is where we used 
induction). Then (Vn) holds for every n > 5 and Theorem 9 and 10 are thus 
entirely proven as soon as the Iwahori-Hecke algebra Hp^^'^ (n) is assumed 
to be semisimple. 

We have the immediate Corollary: 
Corollary 15. Let n he an integer with n > 3. Suppose I = —r^. 

Ifr^n _A il^^n = (n-^lKn-2) 

Ifr^n ^ i^^^ ^ 1 + {n-l){n-2) 

Proof: the second point is point 2) of Proposition 15 when n > 4. When 
n = 3, we know from Theorem 4 that there exists exactly two one-dimensional 
invariant subspaces of V and that their sum is direct. Then fc(3) > 2 and 
since A;(3) 7^ 3, in fact fc(3) = 2. As for the first point. Lemma 10 forn > 5 
yields the inequality k{n) < (^~^K"~^) _ Since when I = —r^ and n > 5 there 
exists an irreducible ("-J-K"--^) -invariant subspace by Theorem 10, we also 
have k{n) > (ZLiiKZLi^^ go that k{n) = ("--iK"-^) _ jt remains to deal with 
the cases n = 3 and n = 4. When n = 3, / = — and / / p-, there ex- 
ists a unique one-dimensional invariant subspace of V^^^. The uniqueness 
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forces k{3) = 1. When n = 4 and I = —r^, there exists an irreducible 3- 
dimensional invariant subspace of V*^"^^ by Theorem 6 and there does not 
exist any one-dimensional invariant subspace of V^^-* as / —1. Then 
k{4:) G {3, 5}. Moreover, since / / r it is impossible to have A;(4) = 5. Hence 
A;(4) = 3, as announced. 

10 The Uniqueness Theorems and a Complete Descrip- 
tion of the Invariant Subspace of V^*^^ when / = r. 

In this part, we prove theorems of uniqueness and describe the irreducible 
-dimensional invariant subspace of V^"^ when I = r. 

Theorem 11. 

Let n be an integer with n > 3. We assume that v^"^^ is reducible and exclude the 
case when I = -r-^ and r^" = — 1. Then, there exists a unique non-trivial proper 
invariant subspace in V*^"^. 

Proof: Assume first n > 5. Since reducible, I must take one of 

the values , — 4=^ , •2n-'i ,r or — by the Main Theorem. Moreover, 
with the assumptions r^" 7^—1 and Hp^r'^in) is semisimple, all these val- 
ues are distinct. When / = r or / = — r'^ and r^" 7^—1/ one of the results of 
Proposition 15 is that K{n) is irreducible. Since any proper invariant sub- 
space of V^"^ must be contained in K{n) and K{n) is non-trivial for these 
values of I and r by Proposition 5, the vector space K{n) must in fact be 
the only non-trivial proper invariant subspace of V^"\ Moreover, when 
I = r, K{n) is -dimensional by Proposition 10 and when I = —r^ 

and r^" / — 1/ K{n) is ("~^K"~^) -dimensional as we just saw in Corollary 
15. Suppose now that I = ^^^^i . We know by Theorem 4 that there ex- 
ists a one-dimensional invariant subspace of V^"^. Further, by Theorem 5, 
(resp 9, resp 10), there cannot exist any irreducible {n — 1) (resp resp 
(n-iXn-2) ^ (jij^ensional invariant subspace of V^"^ Then in the cases n = 5 
and n = 6, this unique one-dimensional invariant subspace of V^"^ must be 
the only invariant subspace of V^"). Let's now consider an integer n with 
n = 7 or n > 9. Then, if K{n) is not one-dimensional, its dimension must 
be greater than or equal to 2+ (lizlKZLzHl. it forces both K{n) n V^""^) ^ 
and K{n) n V^"~^^ 7^ 0. Then, I G {r, —r^}, which is impossible. Again, 
K{n) is the unique invariant subspace of V*^"^ in that case. When n = 8, 
if fc(8) > 15, then again, k{8) > 13 and k{8) > 7, so that I G {r, -r^}, 
a contradiction. Hence we conclude again that k{8) = 1 in that case. Fi- 
nally, suppose that I G {-^k^,—-^}- In these cases, we know that there 
exists a unique (n — l)-dimensional invariant subspace of V*^"^ and there 
does not exist any irreducible 1 or or ("~iK"~^) -dimensional invari- 

ant subspace of V*^"''. Again, we will deal with the case n = 8 apart. When 
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n G {5, 6}, as before, we may conclude immediately. If now n = 7 orn > 9, 
suppose that there exists an irreducible s-dimensional invariant subspace 
of V(") with s > 1 + ("-iK"-2) _ Thjjt would force I G {r, -r^}, which is 
impossible. Thus, the unique (ra — 1) -dimensional invariant subspace of 
V^") is the only invariant subspace of V^"^). Finally, in the case n = 8, there 
cannot exist any irreducible 14-dimensional invariant subspace of V^^^ for 
the same reasons as before. Hence the unique 7-dimensional invariant sub- 
space of V*^^^ is the only invariant subspace of V*^^^ . This ends the proof 
of Theorem 11. Let's now describe the unique invariant subspace of V^"^ 
when I = r. We have the theorem: 

Theorem 12. 

Assume I = r . 

• When n = 4, the unique invariant subspace K{'i) o/V^^^ is spanned by the 
two linearly independent vectors: 

wf^ := {wi4 - i W24) + (tf23 -rwis) 
wf^ := {w24 - f W34) + {wis -rwi2) 

• When n > 5, the unique invariant subspace K{n) o/V^"-' is built induc- 
tively as a direct sum of the unique invariant subspace K{n — 1) ofV^'^'^^ 
and of an (n — 2)-dimensional vector space spanned by the vectors: 

M 1 I rt—i I \ 

Proof of the Theorem: the case n = 4 is contained in Result 2. Let's deal 
with n > 5. When n = 5, Claim 1 of Part 8.3 provides us with a sparming 
set of vectors for the unique invariant subspace of V^^^ . Up to a reordering, 
we read that these vectors are wf\ w^2^ , the spanning vectors of the unique 
invariant subspace of V*^"^^ and the three vectors wf\ w^2^ and lu^^'' ■ Hence 
the Theorem holds in that case. We will proceed by induction. Given an 
integer n with n > 6, let's assume that the Theorem holds for the integer 

n — \. So K{n — 1) \s spanned by all the vectors wf^'s of the Theorem with 
A < t < n — 1 and 1 < ,s < t — 2. When I = r, we know that K{n) is the 
unique invariant subspace of V*^"^ and that it contains K{n—1), the unique 
invariant subspace of V^"~^^. Moreover, it appears that the (n - 2) vectors 
wf^ , i = 1, . . . ,n — 2, span an (n - 2)-dimensional subspace of V^") that is 
in direct sum with K{n— 1). Since we notice that 

Hn) = ^ ^ ' = '-^ + (n - 2) = k{n - I) + {n - 2), 
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it will suffice to show that the (n — 2) vectors w^l^^ , i = 1, . . . ,n - 2, belong 
to K{n). To do that, we follow the same steps as in the proof of Claim 3. 
First, let j be an integer with I < j < n — 1. We compute with the tables of 
Appendix C used with I = r: 



VI < < n - 1, [Xj^n-Wk,nL 

It follows immediately that: 



2 if A; = j 



[Xj^n-iwk,n - I Wk+l,n)] = iij^{k,k + 1} 

[-^/c,n-(w'fc,n — r Wfc+l,n)l = 1 

[Xk+l,n-{wk,n — r ^A:+l,n)] ~ 



When / = r, the actions (CL)(5^) of Appendix C are all trivial. Then we 
have for any integer k with 2 < k < n — 2: 

[Xj^n-{wi,k+i-rwi^k)]^,^^ = 0, foralljsuchthatj J 

[Xk,n-i^i,k+i-rwi,k)] = --^ 

[Xk+l,n-iwikj^l-rWik)\ = 

Also, we have, 

[Xj,n.{w23-rwu)] = 0, foralljV {1,2,3} 

1 



Now it appears that the (n— 1) rows of the matrix T(n) annihilate the {n—2) 
vectors w[^\ i = 1, . . . , n — 2. To complete the proof, we want to show that 
the Xg/s with l<s<t<n — lall annihilate these vectors. This verifica- 
tion is left to the reader. 

We now study in detail the case I = —r^. In Theorem 11, we excluded 
the case when I = —r^ and r"^"- = — 1. In this case, we know that there exists 
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both an irreducible ^ — 'f^ — ^-invariant subspace and a one-dimensional 
invariant subspace of V^") and we have seen that k{n) = 1 + ("-^("-^) . We 
will show the uniqueness of the irreducible ('^~^K"~^) -invariant subspace 
when n> 4:. 

Theorem 13. Let n be an integer with n > 4. When I = —r^ and r^" = — 1, 
there exists a unique irreducible ("~iK"-~^) -invariant subspace ofV^'^\ 

Proof of the Theorem. We must show the uniqueness. For n = A, the 
uniqueness is contained in the proof of Theorem 6. Suppose now n > 5 and 
let W be an irreducible ("~iK"~^) -dimensional invariant subspace of V*-"^. 

When n > 5, we have > n — 1, so that the intersection W n V^"^"^-* 

is nontrivial. Then, by irreducibility of K{n — 1), we get: 

yy ny(n-l) ^ K{n-l) 

In particular, we have K{n — 1) Q W. Then there exists an 7^^^2(n — 1)- 
module S that is a summand for K{n — 1) in W: 

W = K{n -1)®S 

To prove the uniqueness part in Theorem 13, it suffices to show that this 
summand is unique. Let's analyze the situation. First, since k{n — 1) = 
(n-2Xn-3) ^ g must be (n — 2) -dimensional. Then S is either 

irreducible or is a direct sum of one-dimensional submodules. We show 
that the latter case may not occur. To do so, we slightly adapt the proof of 
Lemma 13, assuming r^" = — 1 instead of r^("~^) = — 1. Under this new 
assumption, equation (169) now yields = 1. Then a one-dimensional 
submodule of S must in fact be the unique one-dimensional invariant sub- 
space of V*^"^. Thus, it is impossible to have S decompose as a direct sum 
of one-dimensional submodules. So S is an irreducible (n — 2) -dimensional 
Tip^r^in — l)-module that is contained in K(n). To conclude, it suffices to 
prove the following Proposition: 

Proposition 17. Suppose I = —r^ and r^" = —1. In K{n) there exists a unique 
irreducible Hp^r^^n — l)-module of dimension (n — 2). 

Proof of the Proposition: The existence is provided by the module 
S of above. We then adapt the proofs of Theorems 5 and 6 and show the 
uniqueness of such a module. We proceed step by step following the same 
proofs. We leave the cases n = 5 and n = 7 for later. Those are special and 
require more attention. However, the arguments that we expand below 
hold in these cases. 

First, let {vi,V2, . ■ ■ , Vn-2) be a basis of S and suppose the v/s satisfy 
to the relations (A). By the relation ViVi = —■^Vi for every i = 1, . . . , n — 
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2, equation (102) still holds. By using the key relations (77) and (78) we 
furtiier get: 

.'-^ _ 1 
Vi = + A' ^ ^{ws,i Ws,i+i) 

s=l 

n-l J ^ 

+ 5' r''-'-^{wi^k- -Wi+i,k)+ri'{wi,n- -Wi+i,n) (170) 

k=i+2 

As before, all the 6^ are equal, say to S. Moreover, similar arguments show 
that the 77* 's are related by the relations: 

ri'+^ = -r]\ VI < i < n - 3, 
r 

and thus are determined by r)^. Further, (106) becomes: 

yi<i<n-3, rn' + r'\'+^ =6 (171) 
Furthermore, (107) becomes: 

y2<i<n-2, rfi' + r'-'^X' = l (172) 
Next, looking at the coefficient of in I'i+i.Vi = r{vi + fj+i) yields: 

V2 < i < n - 3, A'+^ = - V 

r 

Thus, by (171) and (172), we get 6 = 1. Now (172) after a change of indices 
can be expressed as: 

VI < z < n - 3, r + r' = 1 (173) 

Thus, confronting (171) with 6 = 1 and (173), we get: 

VI < i < n - 3, n'+^ = fi' (174) 

Gathering all the informations above, there are only two coefficients to de- 
termine: and 77^. By looking at the coefficient of W12 in z^i.vi = — ^ vi, we 
get: 

=mri^r''-^ + \ + \ (175) 
Next, since e„_i.u„_2 = 0, we get the equation on the coefficients: 
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After replacing A" ^ by and rf" ^ by 77^ and simplifying this 

expression, we obtain: 

V + -;-7 = -7-^-7T (176) 



j-2 _ r(r^ — 1) 

Computation of the determinant of the following system obtained from 
equations (175) and (176) 



1 \ «— 4 1 1 



show that it is zero if and only if = — 1. For n > 6, the semisimplicity of 
Hp^r^{n) prevents it from happening. For n = 5, since we assumed r^^ = 
— 1, having = — 1 would then force = I which is impossible as (r^)^ 7^ 
1. Thus, the system (★) has a unique couple solution (/x, ij^). Then A^ is also 
uniquely determined by A^ = ^ — ^. Thus, all the coefficients of the v/s 
are uniquely determined and to finish the proof of uniqueness when n > 5 
and n {5, 7}, it will suffice to show that it is impossible to have a basis of 
vectors vi,. . . , Vn-2 of S that satisfy to the set of relations (v)- We use the 
proof of Theorem 5 and adapt it. Equation (79) giving an expression of vi 
becomes: 

n— 3 n—2 

Vl = ^ IJ'j,n-2'Wj,n-2 + ^ IJ'j,n-lWj,n-l + lJ"a-2,nWn-2,n + l^n-l,nWn-l,n 
j=l 3=1 

{V77) 

Moreover, like before, all the iij^t: for J > 5 are zero, so that when n > 7, 
the two "added" terms on the right hand side of (177) are no longer there. 
Next, (80) becomes: 

/^2,n-l = — -Af2,n-2, (178) 

and (80) and (81) becomes: 

Ai2,n-1 = r^i,„„i (179) 
A*2,n-2 = r^i,„_2 (180) 

Since we assumed n> 6, by 1^3. fi = —^vi, we get 

/^2,n-l = 

Then, when n > 7, an expression for vi is: 

Vl = M3,n-2W^3,n-2 + /i4,n-2tt^4,n-2 + M3,n-l^«3,n-l + /^4,n-l'"^4,n-l (181) 

and when n = 6, an expression for vi is: 

Vi = /X3,4U;3,4 + /U3,5U;3,5 + /X4,5'»^4,5 + A*4,6'»^4,6 (182) 
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Let's first deal with the case n > 7. Equations (85), (86) and (87) respec- 
tively become: 

J"4,n-1 = --Af3,n-1 (183) 
M4,n-2 = --M3,n-2 (184) 

r 

M4,n-1 = --At4,n-2 (185) 

Like before, we show that /i3,n-i = 0. Then vi is zero: a contradiction. 

Important partial conclusion: at this stage. Proposition 17 and Theorem 13 
are proven for every n > 8. 

Let's go back to the case n = 6 and the expression given in (182). Since 
)U46 = —\iJim and //36 = 0, there is in fact no term in w/^q. Hence we have: 

1 

Vl =W35 W45 - r W34 

r 

Again, we have to study V2- We must add a priori to (94) two more terms, 
namely A46it;46 and \5QW5Q. But with v2-vi = — f (""i + V2), we see that we 
may as well withdraw them. The end of the proof is then the same as be- 
fore, leading to a contradiction. 

New intermediate conclusion : Proposition 17 and Theorem 13 are proven for 
every n > 4 and n ^ {5, 7}. 

The case n = 5: two questions arise: 

1) Can there exist a basis {wi,W2,W3) of S, where the Wi's satisfy to the set 
of relations (v) ? 

2) If the answer to the first question is positive, is the linear span of the w/s 
equal to the linear span of the Vi's, where the Vi's are the vectors arising 
from the conjugate representation (A) ? 

The branching rule provides us with a no answer to these questions. And 
indeed, when n = 5, the unique irreducible representation of ^^^2(6) 
of degree 6 is self-conjugate. Then W must be isomorphic to the Specht 
module 5^^'^'^^ whose restriction to Kp^2(4) decomposes as a direct sum 
S^^-^^ ©S"*^^'^'^) by the branching rule. But K (4) is irreducible, 3-dimensional. 
Then, by the proof of Theorem 6, there exists a basis of -fC (4) whose vectors 
satisfy to the relations (y)- Since 5 is a summand of K{4:) in W, it is impos- 
sible to have a basis of S, whose vectors satisfy to the same relations (v)- 
Thus, the imiqueness part in Theorem 13 holds in the case n = 5. 
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The case n = 7: this case is special as there are four inequivalent irre- 
ducible representations of ^^ ^2(6) of degree 5 and not only two. We have 
already studied two of them. It remains to check wether S could be isomor- 
phic to S^^'^^ or its conjugate S'(2>2,2) jf ^j-^g restriction of S to ^^,,2(5) 
would then be isomorphic 5^^'^^ or to S^'^''^'^\ These two irreducible repre- 
sentations are described in terms of matrix representations in Fact 1 of the 
thesis. We use the proof of Result 1 to show that it is impossible to have 

First let {wi, . . . , ws) be a basis of S such that the matrices of the left action 
of the gi's, i = 1, . . . , 4 in this basis are the P/s. The Wi's now contain two 
more nodes, namely nodes 6 and 7. Those don't impact our discussion from 
the proof of Result 1 which remains strictly identical and leads to Z = r, a 
contradiction with I = —r^. Similarly, by arguments already exposed be- 
fore, it is impossible to have a basis of vectors (f 1 , . . . , f 5) of 5 such that the 
matrices of the left action of the gi's, z = 1, . . . , 4 in this basis are the Q/s. 

This ends the proof of Proposition 17 and Theorem 13. A consequence of 
Theorem 13 and its proof is the following result: 

Proposition 18. Let n be an integer with n > 4. Suppose I = —r^ and r^" = — 1. 
Then the unique irreducible ("~iK"-~2) -dimensional invariant subspace ofV^^'> is 
isomorphic to the Specht module 5'('*~2,i,i) 

Proof of the Proposition: Name W the unique irreducible (llzlKzizH) . 
dimensional invariant subspace of Theorem 13. When n = 4, the Propo- 
sition is proven by the proof of Theorem 6. When n = 5, the only class 
of irreducible W^^2(5)-module of degree 6 is S^'^'^'-^\ so there is nothing to 
prove. Suppose n > 6 and suppose W is isomorphic to S**^'^'^" ^\ Then, by 
the branching rule the restriction module VV ^ must be isomorphic 

to 5(2'^" ^) © ^Cs,!" \Ye recall from above that W decomposes as: 

W = K{n - 1) © 5, 

where S is the unique irreducible 'Hpr'^ (n — l)-module of V*^"^ of dimension 
n — 2. Then S must be isomorphic to S'(2'^" But we have seen that S is 
isomorphic to S'^"^^'^^ not S''^^'^" \ Hence a contradiction and the fact that 
W is rather isomorphic to 5("^2'^'^). 



11 A Proof of the Main Theorem without Maple 

In this part, we proceed without using the results from previous part. From 
part 8, it suffices to show that the Main Theorem holds for the small values 
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n G {3, 4, 5, 6}. In the case n = 3, the Main Theorem is proven with Theo- 
rem 4 and Theorem 5. Indeed, by Theorem 4, there exists a one-dimensional 
invariant subspace of V if and only if / G l;^,-, — r"^}. By Theorem 5, there 
exists an irreducible two-dimensional invariant subspace of V if and only 
if / G {1,-1}. Similarly in the case n = 4, we know by Theorem 4 (resp 
Theorem 5, resp Corollary 4) that there exists an irreducible one (resp 3, 
resp 2)-dimensional invariant subspace of V if and only if ^ = ^ (resp 
I G — — r"^}, resp / = r). Since the degrees of the irreducible repre- 
sentations of 'Hpy2 (4) are 1, 2 or 3, this proves the Main Theorem in this 
case. Let's deal with the case n = 5. Suppose v^^^ is reducible and let 
W be an irreducible invariant subspace of V. Consider the F-vector space 
W n Vo, with the same notations as before. If this intersection is trivial, then 
the sum W + Vo is direct and we must have dim W -I- dimVo < dimV, id est, 
dimW < 4. Then dimW G {1,4} as the degrees of the irreducible repre- 
sentations ofHpr^ (5) are 1, 4, 5, 6. By Theorem 4 and Theorem 5, this forces 
I G ^, -^}- Supposed ^, -^}. Then we have C WnVo C Vq. 
By the case n = 4 it follows that I G {r, —r^, ^, — Moreover, we have: 

dim(>VnVo) = dimW + dimVo-dim(W + Vo) 

> dim W + dimVo - dimV = dim W - 4 

Furthermore, by our assumption on I, we have dim W G {5,6}. If dim W = 
5, then by the Result 1, we know that it forces I = r. From now on we sup- 
pose that / / r. So dim W = 6 and dim(>V Pi Vo) > 2. Our assumption on I 
is now I ^ {r, ^, ^, and I G {-r^, ^, l,-^}. Our goal is to show that 
I = — r^. Since W n Vo is a proper invariant subspace of Vo, it must be con- 
tained in K{A). Therefore, we also have the inequality dim(yV H Vo) < k{A), 
where we used the notations of previous section. We will show that it is im- 
possible to have I = ^ (unless ^ = —r^) or / = i or / = — ^. If Z = ^, then 
by Theorem 4, there exists a unique one-dimensional invariant subspace 
inside Vq. In particular fc(4) / 0. Hence fc(4) G {1, 2, 3, 4, 5}. At this stage, 
we recall our assumption of semisimplicity for 7ipy{5). When "^^^^2 (5) is 
semisimple, a fortiori 7Y^^2(4) is semisimple. Suppose A;(4) = 2. If ii'(4) 
were not irreducible, it would contain a one-dimensional submodule that 
has a one-dimensional summand by semisimplicity of Hpr'^ (4). This is im- 
possible by uniqueness of the one-dimensional invariant subspace of Vq. 
Then -fC(4) is an irreducible two dimensional invariant subspace of Vq. By 
Corollary 4, the existence of an irreducible two-dimensional invariant sub- 
space of Vo implies I = r, a contradiction with (r^)'' / 1. If /c(4) = 3, 
there are three possibilities. Either i^(4) is irreducible and I G {— r^, ^, —^} 
by Theorem 6. Or K{4) contains a one-dimensional submodule that has 
a two dimensional summand by semisimplicity of Hp^r'^iA). Then I = r 
by uniqueness of the one-dimensional invariant subspace of Vo and Corol- 
lary 4. Or K{A) contains a two-dimensional submodule that has a one- 
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dixnensional summand. Again, this forces Z = r by uniqueness of the one- 
dimensional invariant subspace of Vq and Corollary 4. Gathering these 
results, the only possibility for / that is compatible with I = 47 and our 
assumption of semisimplicity for Hp^r^{5) is to have I = —r^. Suppose 
now /c(4) = 4. Then K{4) is reducible. If -fC(4) contains a two- dimen- 
sional invariant subspace, then this two-dimensional subspace has a two- 
dimensional summand in K{4). This is impossible by uniqueness of any 
one-dimensional (resp two-dimensional) invariant subspace inside Vq. On 
the other hand, if K{4) is a direct sum of an irreducible 3-dimensionaI sub- 
module and a one-dimensional submodule, we must have I G {^r''',^,,—^,} 
and / = i, which leaves the only possibility of / = —r^ = 4^ for the 
parameters I and r. Finally suppose that A; (4) = 5. The story is similar. 
K{4:) is reducible and is either a direct sum of a 4-dimensional submodule 
and a one-dimensional submodule or a direct sum of a 3-dimensional sub- 
module and a 2-dimensional submodule, with no further decompositions 
allowed by uniqueness of an irreducible two-dimensional submodule of Vq 
or a one-dimensional submodule of Vq when these ones exist. Since there 
does not exist any irreducible representations of Hp^r^ (4) of degree 4, the 
first decomposition should still break, which is impossible. As for the sec- 
ond decomposition it forces I = r, which contradicts our assumption I = ^. 
In summary, either k(A) = 1 or Z = — r^. To reach the goal it suffices to show 
that it is impossible to have A; (4) = 1. When k{A) = 1, the two inequalities 
above read: 

dim(yVnVo) > 2 

dim(yvnVo) < 1 ' 

a contradiction. To achieve our goal it remains to show that it is impossible 
to have I G , — ;^}- First we show that for these values of I we have k{4) = 

3. The scheme of the proof is the same as in the case I = ^. The existence 
of a 3-dimensional invariant subspace of Vo shows that k{4) ^ 0. Then, we 
eliminate turn by turn the possibilities A;(4) G {1, 2, 4, 5}. Immediately, if 
A; (4) = 1, theni = ^ by Theorem 4, in contradiction with I G {f,— f}- Next, 
if A;(4) = 2, then ^sr(4) is irreducible by Theorem 4 and Z = r by Corollary 

4. This again contradicts I G {f , — f } by semisimplicity of Hp ,.2 (4). And 
in fact those two cases could right away be excluded by a simple use of 
Theorem 6. Indeed, we have seen in Theorem 6 that when I G {f , — f }/ 
there exists a 3-dimensionaI invariant subspace inside Vq. This implies that 
A; (4) > 3. If A; (4) = 4, by uniqueness in Theorem 4 and in Result 2, i^(4) 
must be a direct sum of a 3-dimensional submodule and a one-dimensional 
submodule with no further decomposition. This forces / G {— r^, ^, — ^} by 
Theorem 6 and Z = ^ by Theorem 4. Since it is impossible to have I = ^ 
and I G -^}, we are led to conclude that A;(4) 7^ 4 when I G {i, -i}. 
Finally, if A; (4) = 5, we get I = r hy the same arguments as those already 
described further above. This is again impossible with I G {■^,—^}- Thus, 
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we have shown that when I G {f , — f }, we have A;(4) = 3. An immediate 
consequence is that K(4) is irreducible. We also derive from this fact that 
dim(W n Vo) < 3 by one of the two inequalities of the beginning. Then, 
for these two values of we have 2 < dim(yv n Vo) < 3. Furthermore, 
Z e — ^} forces dim(WnVo) = 3. By equality on the dimensions, we now 
get that W nVo = K{4) and we note on the way that W n Vo is irreducible. 
Suppose first that I = -. Following Lemma 4, equation (40), it is an easy 
verification using the table of the appendix or directly by hands that wu — 
W23 € K{4:). Then wu — W23 also belongs to W n Vo and in particular to W. 
Since W is a 5(A4)-module, e4.{wi4 — W23) must also belong to W. But, 

e4.{wi4 -W23) = ^Xa^ 

Then it comes W = V: contradiction. 
Similarly for I = we have: 

Xai + Xas + Xai+aa+as " Xa2 G = W H Vq 

It follows that: 

64. (Xq.]^ + Xq,^ + Xaj-)_Q;2+a3 S^Qj) ~ Xa4 £ 

Since (r^)^ / 1 by semisimplicity of 7ip^r^{5), this implies that Xa4 G W- 
But again W would then be the whole space V by the arguments of § 8.1. 
We conclude that it is impossible to have I G { ^ , — ^}. Thus, we have shown 
that if v^^^ is reducible and I ^ {r, ^, ^,—^}, then I = -r^. This says ex- 
actly that if 1/^^^ is reducible, then I G {r, — r^, ^,:^,—-^}- Conversely, if 
I = ^, there exists a one-dimensional invariant subspace of V by Theorem 
4, hence the representation is reducible; for / G there exists an 

irreducible 4-dimensional invariant subspace of V by Theorem 5 and so the 
representation is also reducible in that case. As for I = r (resp I = — r^), 
it is a direct verification that the vector X (resp y) of proposition 5 of § 
8.4 belongs to the proper submodule K{b) of V. This achieves the proof 
of the Main Theorem in the case n = 5. It remains to do the case n = 6. 
The degrees of the irreducible representations of T-ipr^{'d) are 1, 5, 9, 10, 16. 
The vector space V is 15-dimensional. Hence, if W is an irreducible sub- 
module, then dim W G {1, 5, 9, 10}. If dimW = 1 then / = ^ by Theorem 
4. Also, if dimW = 5 then I G -p^} by Theorem 5. Suppose now 
I ^ {^,^. -^}- Then W n Vo / 0. If W n Vi = 0, then dimW < 9, 
which forces, with the condition on I above, dim W = 9. Also we note that 
W Vi = V as dim W + dimVi = 9 + 6 = 15 = dimV. Since W C K{<d), we 
must have e^.W = 0. Also, by definition of Vi, we have 65. Vi = 0. Then, 
it follows that 65. V = 0, which is a contradiction. Thus, if Z ^ {^,^,—^}, 
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then both W n Vo and W n Vi are nonzero. By the case n = 4 and the case 
n = 5 we now get: 



which implies I G {r, — r^}. We conclude that if u^^^ is reducible and I ^ 
{;^; — ^}/ necessarily I G {r, — r^}. In other words, if v^^^ is reducible 
then / G {r, -r^, ^, ^, -^}. Conversely, for / = ^ (resp / = ^ or / = -i^), 
there exists a one-dimensional (resp 5-dimensional) invariant subspace of 
V by Theorem 4 (resp Theorem 5). Thus, the representation is reducible in 
these cases. As for Z = r (resp I = — r^), we already know from the case 
n = 5 that (resp y) belongs to K{5). And as has been seen in the proof of 
Proposition 5, we also have e^.X = X^q.X = X^q.X = X2Q.X = Xiq.X = 0, 
with the same equalities holding for y when I = —r^, so that X (resp y) be- 
longs to K{6). Which proves the reducibility of the representation in these 
cases as well. The Main Theorem is thus proven in the case n = 6. And we 
have seen in Part 8 that if (1)5 and (t)6 hold, then (t)n holds for all n > 7. 
Conversely, for each of the values of I in the set {^27!^, :pK=^, -pr^, t, -r^}, 
the representation is reducible by Theorem 4, Theorem 5 and the proof 
of Proposition 5. 
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A The program 



SIZE := proc (n) binomial (n, 2) end proc 



G : = proc (k, 
local i, j, t, 

g; 

(1, s) 

if n < 
elif n 

if k = 1 then 



n) 

g; 



-> array(l .. SIZE(s), 1 .. SIZE(s)); 
3 then ERROR (^you have entered an invalid value ^! 

= 3 then 



elif 



g(k. 


n) 


[1, 


1] 


— 


1/1; 


g (k, 


n ) 


[1, 


2] 




l/r - r; 


g (k, 


n ) 


[1, 


3] 




0; 


g(k, 


n) 


[2, 


1] 




0; 


g(k. 


n) 


[2, 


2] 




r - l/r; 


g (k. 


n ) 


[2, 


3] 




1; 


g (k, 


n) 


[3, 


1] 




0; 


g(k. 


n) 


[3, 


2] 




1; 


g(k. 


n) 


[3, 


3] 







k = 


2 


then 






g (k, 


n ) 


[1, 


1] 




0; 


g (k, 


n) 


[1, 


2] 




0; 


g(k. 


n) 


[1, 


3] 




1; 


g (k. 


n ) 


[2, 


1] 




0; 


g (k, 


n) 


[2, 


2] 




1/1; 


g(k. 


n) 


[2, 


3] 




(l/r - r 


g(k. 


n) 


[3, 


1] 




1; 


g(k. 


n) 


[3, 


2] 




0; 


g (k, 


n ) 


[3, 


3] 




r - l/r 



else ERROR { 
end if 



/I; 



you entered an invalid first coordinate' 



else 



[i, 

r 



j] := 



if k = n - 1 then 

for i to binomial (n - 2, 2) do for j to 
binomial (n, 2) do 

if j <> i then g(k, 
else g(k, n) [i, j] 
end if 
end do 
end do; 

for i from 1 + binomial (n - 
binomial (n - 1, 2) do for j 



2, 2) to 

to binomial (n, 2) 



do 
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if j <> i + n - 1 then g(k, n) [i, j] := 
else g(k, n) [i, j] := 1 
end if 
end do 
end do; 

for i from 2 + binomial (n - 1, 2) to 
binomial (n, 2) do 

for j from 1 + binomial (n - 1, 2) to 
binomial (n, 2) do 

if j <> i then g(k, n) [i, j] := 
else g(k, n) [i, j] := r - 1/r 
end if 
end do; 

for j from 1 + binomial (n - 2, 2) to 
binomial (n - 1, 2) do 

if j <> i - n + 1 then g (k, n) [i, j] := 

else g(k, n) [i, j] := 1 

end if 
end do 
end do; 

for j from 2 + binomial (n - 1, 2) to 
binomial (n, 2) do 

t := j - binomial (n - 1, 2) - 2; 

g(k, n) [1 + binomial (n - 1, 2), j] := 
(1/r - r) / (l*r't) 

end do; 

g(k, n) [1 + binomial (n - 1, 2), 

1 + binomial (n - 1, 2)] := 1/1 
elif k < n - 1 then 

for i to binomial (n - 1, 2) do 

t := n - k - 2; 

for j from 1 + binomial (n - 1, 2) to 
binomial (n, 2) do 

if j <> binomial (n -1, 2) +n-k-l 

then g(k, n) [i, j] := 

else 

if i = binomial (k, 2) + 1 then 
g(k, n) [i, j] := 

r" (t - 1) - r' (t + 1) 
else g{k, n) [i, j] := 
end if 
end if 
end do 
end do; 
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for i from 1 + binomial (n - 1, 2) to 
binomial (n, 2) do for j to binomial (n, 2) do 
if 

j = i and j <> binomial (n - 1, 2) + n - 

and j <> binomial (n -1, 2) H-n-k-l 
then g(k, n) [i, j] := r 

elif i = binomial (n -1, 2) +n-k-l 
and j = binomial (n -1, 2) +n-k-l 
then g(k, n) [i, j] := r - 1/r 
elif i = binomial (n -1, 2) +n-k-l 
and j = binomial (n - 1, 2) + n - k then 
g(k, n) [i, j] := 1 
elif i = binomial (n - 1, 2) + n - k and 
j = binomial (n -1, 2) +n-k-l then 

g{k, n) [i, j] := 1 
else g(k, n) [i, j] := 
end if 
end do 
end do; 

for i to binomial (n - 1, 2) do for j to 
binomial (n - 1, 2) do 

g(k, n) [i, j] := G(k, n - 1) [i, j] 

end do 
end do 

else ERROR (^this element does not exist ^) 
end if 
end if; 

Matrix (SIZE (n) , g{k, n) ) 
end proc 



IDENTITY := proc (n) 
local identity, i; 

identity := Matrix (SIZE (n) , SIZE(n)); 

for i to SIZE(n) do identity [i, i] := 1 end do; 

Matrix (identity) 
end proc 



e : = proc (k, n) 

simplify (evalm (1* ( 

'&*MG(k, n) , G(k, n) ) + (1/r - r)*G(k, n) - IDENTITY(n) 
/ (1/r - r) ) ) 
end proc 
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E := proc(k;, n) Matrix (e(k;, n) ) end proc 



ginv := proc(k, n) 

simplify (evalm { 

G(k, n) + (1/r - r )* IDENTITY (n) + (r - l/r)*E(k, n) ) ) 
end proc 



GINV := proc(k, n) Matrix (ginv (k, n) ) end proc 



T : = proc (n ) 
local X, k, i, j; 
X; 

(s, t) -> Matrix (SIZE (n) , SIZE (n) ) ; 

for i to n - 1 do for j from i + 1 to n do 

if j = i + 1 then X(i, j) := E{i, n) 
else X{i, j) := Matrix ( simplify (evalm (''&*'' ( 
G(j - 1, n), X(i, j - 1), GINV(j - 1, n) 
end if 
end do 
end do; 

evalm ( sum (' sum (' X ( i, j)', 'j' = i + 1 .. n) ' , 
' i' = 1 . . n - 1) ) 

end proc 



d := proc(n) LinearAlgebra : -Determinant (Matrix (T (n) ) ) end proc 



NOTIRR := proc(n) solve({d(n) = 0}, {1}) end proc 
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And running the procedure NOTIRR for n = 3, 4, 5, 6 yields: 

> N0TIRR{3) ; 

3 1 

{1 = -1}, {1 = -1}, {1 = 1}, {1 = 1}, {1 = -r }, {1 = } 

3 

r 

> NOTIRR (4) ; 

{1 = r}, {1 = r}, {1 = 1/r}, {1 = 1/r}, {1 = 1/r}, {1 = - 1/r}, 

1 3 3 

{1 = - 1/r}, {1 = - 1/r}, {1 = }, {1 = -r }, {1 = -r }, 

5 

r 

3 

{1 = -r } 
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> N0TIRR(5) ; 

1 

{1 = r}, {1 = r}, {1 = r}, {1 = r}, {1 = r}, {1 = }, 

7 

r 

1111 
{1 ^ }^ {1 ^ }^ {1 ^ }^ {1 = }^ 

2 2 2 2 
r r r r 

1111 3 
{1 = }, {1 = }, {1 = }, {1 = }, {1 = -r }, 

2 2 2 2 
r r r r 

3 3 3 3 3 
{1 = -r }, {1 = -r }, {1 = -r }, {1 = -r }, {1 = -r } 

> N0TIRR(6) ; 

{1 = r}, {1 = r}, {1 = r}, {1 = r}, {1 = r}, {1 = r}, {1 = r}, 

111 
{1 = r}, {1 = r}, {1 = }, {1 = }, {1 = }, 

9 3 3 

r r r 

1 1 11 
{1 ^ }^ {1 ^ }^ {1 = }^ {1 ^ }^ 

3 3 3 3 
r r r r 

1111 3 

{1 = }, {1 = }, {1 = }, {1 = }, {1 = -r }, 

3 3 3 3 

r r r r 

3 3 3 3 3 

{1 = -r }, {1 = -r }, {1 = -r }, {1 = -r }, {1 = -r }, 

3 3 3 3 

{1 = -r }, {1 = -r }, {1 = -r }, {1 = -r } 
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B Table for Sym{8) 



Specht 
module 



Ferrers diagram 



5(6,2) 



5(6,1,1) 



5(5,3) 



5(5,2,1) 



5(5,1,1,1) 



conjugate Ferrers diagram 



conjugate 
Specht module 



5r(2,2,l,l,l,l) 



5'(3,1,1,1,1,1) 



5(2,2,2,1,1) 



5(3,2,1,1,1) 



5(4,1,1,1,1) 



dimension 



20 



21 



28 



64 



35 
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5(4.4) 



5(4.3,1) 



5(4.2,2) 



5(4.2,1,1) 



self-conjugate 



5(2,2,2,2) 



5(3,2,2,1) 



5(3,3,1,1) 



self-conjugate 



14 



70 



56 



90 



5(3,3,2) 



self-conjugate 



self-conjugate 



8! 

5x4x3x2x4x2 



42 
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C How the Xj/s act 



Reference 


Multiplication on the tangles 


index range 


algebraic result 


(MR), 






1 1 1 1 






k = l,...,j -i-l 


Xij.Wi+k,j = lr'^~^Wij 


(ML), 


— 


ii \ \ 

^\ 


1 


j 








k = l,...,j-i-l 




(TR)fc 






i j 

rm 


^ 

\ 






k = l,...,n-j 


Xij.Wij+k = lr''~^Wij 


(TL), 






i 

AW 


1 


j 

\ 








k = 1, . . . ,i — 1 





162 



Ref 


Multiplication on the tangles 


indices range 


algebraic result 


(SR)fe 








i i 

1 1 1 
^\ 1 1^ 


\ 




k = l,...,n-j 




(SL)fc 








i 

\ 


_ 1^ 

T" 










k = 1, . . . ,i — 1 


Xij.Wi-k,i — j.(k-i)+{j-i-i) '^ij 










i i 

V. 1 1 11^- 
1 1 1 1 

ri 1 1 1"^ 

\ \ \ 1 \ \ 1 

^$^\\\\ 


\ 






t = l,...,n-j 


Xij.Wi+s,j+t = (r*+^-^ - r*+*-3)(/ - r) Wij 


(CL)(,,,) 








i 

n 

;\\\ 


1 1 

:\ 


j 

"A 






s = 1, . . . , i — 1 
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D Determinants of square submatrices of size 5 of T(5) 



1 :=r:N:=Matrix (T (5) ) ; 



g:=proc () local M, d, 11, 12, 13, 14, 15, jl, j2, j3, j4, j5; 

for jl to 10 do for j2 from jl+1 to 10 do for j3 from j2+l to 10 do 
for j4 from j3+l to 10 do for j5 from j4+l to 10 do 
for 11 to 10 do for 12 from 11+1 to 10 do 

for 13 from 12+1 to 10 do for 14 from 13+1 to 10 do 
for 15 from 14+1 to 10 do 
with (llnalg) ; 

M := submatrlx (N, [11, 12, 13, 14, 15], 

[jl, j2, j3, j4, j5]); 
d := LlnearAlgebra : -Determinant ( 

Matrix (M) ) ; 
print (jl,j2, j3, j4, j5, 11, 12, 13, 14, 15, d) 
end do 
end do 
end do 
end do 
end do 
end do 
end do 
end do 
end do 
end do 
end proc 
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And some fragments of output (columns, then rows, then determinant): 



first line of output 



first 
5-tuple 
[1,2,3,4,7] 
is first 
'non-admissible" 
pattern 
of columns 



last 
"admissible" 

5-tuple 
of columns 



last line of output 



1, 2, 3, 4, 5, 1, 2, 3, 4, 5, 
1, 2, 3, 4, 5, 1, 2, 3, 4, 6, 

1, 2, 3, 4, 7, 1, 2, 3, 4, 5, 
1, 2, 3, 4, 7, 1, 2, 3, 4, 6, 
1, 2, 3, 4, 7, 1, 2, 3, 4, 7, ^'•'+.^'+^ 
1, 2, 3, 4, 7, 1, 2, 3, 4, 8, H^+i^ 
1, 2, 3, 4, 7, 1, 2, 3, 4, 9, 2r^ + r'^ + l 
1, 2, 3, 4, 7, 1, 2, 3, 4, 10, r(2r2 + + 1) 
1, 2, 3, 4, 7, 1, 2, 3, 5, 6, 

5, 6, 7, 8, 10, 5, 6, 7, 9, 10, 
5, 6, 7, 8, 10, 5, 6, 8, 9, 10, 

5, 6, 7, 8, 10, 5, 7, 8, 9, 10, 

5, 6, 7, 8, 10, 6, 7, 8, 9, 10, - '•'+'/+^ 
5, 6, 7, 9, 10, 1, 2, 3, 4, 5, 
5, 6, 7, 9, 10, 1, 2, 3, 4, 6, 

5, 6, 7, 9, 10, 6, 7, 8, 9, 10, 
6, 7, 8, 9, 10, 6, 7, 8, 9, 10, 



} determinants are all zeros 



first nonzero determinant 



} whatever determinant 



detenninants are all zeros 

whatever determinant 



> with (linalg) : 1 : =r : Determinant (Matrix ( 

submatrix (T (6) , [1,2,3,4,7], [1,2,3,4,12] 
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E Reducibility of the L-K representation for n = 3 



Ferrers 
diagrams 
tor n = 6 












Reducibility 

of 
the L-K 
representation 
of degree 3 




^£{1,-1} 


I = —r^ 


Dimension 
of the 

corresponding 
invariant 
subspace 
ofV(3) 


1 


2 


1 


Spanning 
vectors 


+ 

rwi3 
+ 

W23 


I 

\ 

I 

\ 


= 1 : 

(i - l) Wi2 + {wi3 - i W23) 
(i - 1) W23 + {Wl2 - 7 W13) 

= 1 : 

(i + 1) Wi2 + {wi3 - i W23) 
+ 1) W23 - {Wl3 - f W13) 


lwi3 

+ 
^W23 



166 



F Reducibility of the L-K representation for n = 4 



RD. 
for 

n = 4 










































Red. 

of 
the L-K 
rep. 

of 

deg D 






/ = r 


l = -r^ 


cannot 
occur 


Dim. 
of the 
inv. 

subspace 
ofV(4) 


1 


3 


2 


3 




Spann. 
vect. 


X)l<i<j<4 '^^^'^ '^ij 


• (i - €ir)wi2 

+eir{wu - f ^«24) 

• (i — 6/ r) tt;23 

+ (tf24 - eZf ti'34) 

+ezr(y;i2 - ^ if 13) 

• (.7 - ei1")w34, 
+ {W13 - ^Wm) 
+eir{w23 -lw24:) 

1-1 if^ = -^ 


• (lt'13 - ^1^23) 

-^iwii - ^1024) 

• {Wl2 - I Wis) 
-7{W24: - 7W34) 


• (^ + pr)t«34 

+ {wi3 - 7 Wii) 
+r{w23 - I W24: 

• (r + ^)wi4 

—r W12 — zi;i3 

-f ti'34 - :;3ti'24 

• {r + ^)wi2 

+W24: + f W2S 

—wi3 — r u;i4 
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G Reducibility of the L-K representation for n = 5 



RD. 
for 

n = 5 


® 




@ 


@ 








































































Red. 

of 
the L-K 
rep. 
of 

deg 10 


l = \ 

r' 


I € {:pj, 


l = r 


I = -r^ 


Dim. 
of the 
inv. 
subs. 

ofV(5) 


1 


4 


5 


6 


Spann. 
vect. 




For i = 1, . . . , 4 

Jl ifi = ^, 
^' = 1-1 ^il = -^ 


(4) (4) 

(5) (5) (5) 


(4) (4) (4) 

(5) (5) (5) 
• ^1 ,^^2 '^3 



• A circled circ ® on top of the Ferrers diagram indicates that the conju- 
gate irreducible representation carmot occur in in the Lawrence-Krammer 
representation. 

• The vectors w^^ are the spanning vectors of the imique irreducible 
2-dimensional invariant subspace of V^^^. 

The vectors wf\ and w^^ are given by: < 



w 



w. 



w. 



(5) 
1 

(5) 
2 

(5) 



Wl5 - ^W25+r {W23 - r W13) 

W25 - lw35 + r {wi3 - r W12) 
^35 - lw45+r {wu - r W13) 



The vectors 



,(4) „(4) ^,(4) 



are the spanning vectors of the irreducible 3- 



dimensional invariant subspace of V*^"^-* of the previous table. 



The vectors 

,(5) _ 



,(5) „(5) „(5) 



are defined by: 



Wk+1,5 - r Wk,^ + k ^^^^^^^ A; = 1, . . . , 3 
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H Reducibility of the L-K representation for n = 6 



RD. 

for 



n 



Red. 

of 
the L-K 
rep. 
of 

deg 15 



® 



® 



@ 



l = r 



@ 



@ 



l = -r^ 



cannot 
occur 



Dim. 

of the 
inv. 
subs. 
ofV(6) 



10 



Spann. 
vect. 



For i = 1, . . . , 5 

(i - ei r^)wi^i+i 



E 



i<i<j<e ' 



W. 




'^^ iWs,i - I Ws,i+l) 



(6) 

w\ 

(6) 
(6) 
(6) 



(6) 
.,(6) 



tG{4,5} 
1< s < 3 



• A circled circ ® on top of the Ferrers diagram indicates that the conju- 
gate irreducible representation cannot occur in in the Lawrence-Krammer 
representation. 

• y\;(5) = {w^^ , iwg"^^ , w^^ , w^^ , w^^ }, all the vectors defined in Appen- 
dices F and G. 

^ wf^ = WiG-lw26 + r'^ {W23 - r Wis) 

V 2 < < 4, w^^^ = Wk,n - I Wk+i,n + {wi,k+i -rwi^k) 

• The vectors vi*^ with t G {4, 5} and s G {1, 2, 3} are defined in Appen- 
dices F and G. 

• The k = 1, . . . ,4 are given by: 
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